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ABSTRACT

The concentrations of dissolved uranium and radium isotopes have
been d t̂erminsd in the waters of several Indian rivers. The concentration
of uranium (U-238) is found to vary between 0-01-7-0 micrograms/litre,
depending primarily on the terrain through which the river flows. From
the available data on the activity ratios, U-234/U-238, concentration of
U-238 in rivers and the amount of uranium depositing on the ocean floor,
a material balance calculation has been attempted. This shows that the
supply of uranium to sea by rivers based on above measurements, is
inadequate to explain the observed concentrations of U-238 and U-234 in
the oceans.

The Ra-226 concentration of river waters is found to be of the order
of 0* 1 dpm/litre (varying between 0-05-0-2 dpm/litre). The activity ratios,
Ra-228/Ra-226, range between 1 and 4. This large variation is clearly
related to the fact that the concentrations of the parent nuclides of
Ra-226 and Ra-228 are different. The observed ratios are consistent
with those expected from leaching of clays/soils; however, analogous
to the situation in the case of uranium, the observed concentrations of
radium isotopes in the oceans aie too large to be explained by their influx
by rivers.

1. INTRODUCTION

IT is well known that the significant radioactive disequilibria between the
members of the three naturally occurring radioactive series, U-238,
U-235 and Th-232 in the hydrosphere are related to their grossly different
geochemical behaviours. The first noteworthy observation on disequi-
librium between two isotopes in the same series was reported by Russian
workers1 who found that the concentration of U-234 in ground waters
was in excess compared to that of its parent, U-238. Similar disequi-
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tibrium between U-234 and U-238 has been reported in sea and river
waters by several workers.2"7

During the last few years, more examples of disequilibria have been
observed in natural waters.8"1* Moore and Sackett8 have shown that the
Th-228/Th-232 activity ratios in sea-water are an order of magnitude
higher than the expected secular equilibrium value. This result was later
corroborated by the studies of Somayajulu et al.9 Measurements of the
two radium isotopes Ra-226 and Ra-22812"14 in sea and river waters also
show that they are not in equilibrium with their parents, Th-230 and
Th-232 respectively.

The above studies are largely confined to the marine environment and
data on the concentrations of uranium and radium isotopes in rivers are
scanty.4* 1B»16 Rivers are the primary agency for the introduction of a host
of elements, into the sea; eolian transportation of dust and subsequent
leaching of trace elements from the dust during its transit through sea-water
probably plays an important role in the input of certain elements.17

In this paper we report our measurements of the concentrations of
U-238, U-234, Ra-228 and Ra-226 in some major Indian river waters.
Seasonal variations in the concentrations of uranium have also been studied.
A few ground water samples have been analysed for uranium in order to
explore the possibilities of determining the extent of effluent seepage into
the river waters.

2. EXPERIMENTAL METHODS

Uranium, which exists mainly as an anion complex in natural waters,18

is usually pre-concentrated from large volumes of water by various methods,
the most common being the ferric-hydroxide scavenging. To get a quanti-
tative yield of uranium from water samples by the scavenging method, it
is necessary to destroy the anion complex before scavenging and hence the
use of an in situ scavenging method is limited. If, however, one uses an
anion exchange resin to pick up the uranium complex directly, it can'serve
as a better in situ extraction method. Based on studies of the uptake of
sulphate, phosphate, and carbonate complexes of uranium on anion
exchange resins, some methods have been developed to extract uranium
from leackates of ores and natural waters of high uranium content.1^

In this work pre-concentration of uranium from large volumes of water
at the sampling site was done using an anion exchange resin, after convert-
ing the uranium to a stable UOaCCOs^-4 complex by addition of suitable
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amounts of ammonium carbonate to the water. The up takeraechanism
TvrnkahKr ie •probably is;

4 RC1 + -1 = R4UO2(CO3)3 + 4Ct- 0)

Water samples of 400-600 litres were collected in polyethylene drums
from the mid-stream regions of the rivers. (For locations of samples, see
Fig. 1.) The suspended matter was first removed by allowing it to settle
for a period of about 10-12 hours (this step removes all particles of greater
than about five micron size). To the clear decanted water, analar grade
ammonium carbonate was added to make a concentration of about 0 08 M
of the reagent. U-232 was added as a spike and the water was passed
through an anion exchange resin (Dowex-1; 50-100 mesh; column volume,
ca. 500 ex.), in carbonate medium at a rate of about 20-30 column volumes
per hour. The resin was later brought to the laboratory and the mud (if
any) was separated by suspending the resin in distilled water. Uranium
was eluted from the resin with 4-5 column volumes of 3N ammonium
chloride, followed by 2-3 column volumes ot hydrochloric acid at pH *•*» 4.
The ammonium salts were decomposed and the uranium was purified by
the procedure of Bhat et a/.11
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FIG. 1. Map of India showing the major petrological divisions and locations from
river water samples were collected.
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For studying the seasonal variations of uranium content and U-234/
U-238 activity ratios, 20-50 litre samples were processed, using smaller
amounts of resin.

After purification, an aliquot (less than 1%) of the sample was directly
deposited on a platinum planchet, and the total alpha activity was measured
using a zinc sulphide detector system.22 Depending on the total alpha
activity a suitable fraction of the sample was electroplated on a one inch dia-
meter, 1 mil. thick, platinum disc.

The alpha activities of uranium isotopes were measured on a 128 channel
alpha spectrometer employing a one inch diameter Nuclear Diode surface
barrier detector.

The efficiency of pick-up of uranium, as determined by laboratory
experiments using U-232 tracer was about 70-80%.

The column method used by us has the advantage that it provides a
fast and efficient in situ pre-concentration step for uranium from large
volumes of water. However this procedure has two limitations:

(1) It is applicable only if the uranium isotopes in the waters are
present in the + 6 valency state, only when the carbonate complex is
formed. To check on this point, we evaporated three 5 liters mud free
water samples to dryness, and processed them for uranium. The results
are shown in Table 1. The results are in good agreement, within statistical
errors which are about 10 per cent.

»
TABLE I

Concentrations of C/-238 and C/-234/1/-238 activity ratios as determined by
the column and evaporation methods

Column method Evaporation method

Sample U-238 con- U-234/U-238 U-238 con- U-234/U-238
centration (activity centration (activity

(ppb) ratio) (ppb) ratio)

Ganges .. l-9±0-2 l-03±>03 1 8 ± 0 1 l-08±-06
(HaTrdwar)

Ganges .. 6-6±0-8 l-04±-02 6-9±0-4 1-094--04
(Allahabad) .

Sabaiihati .. 4-2±0-2 l-57±-04 3-6±0-l l-51tfc-04
(Ahmedabad)
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(2) The suspended matter should be separated from the water as effici-
ently as possible. As the gravitational settling of the participate matter
did not give a complete separation, the possibility of leaching uranium from
mud by ammonium carbonate can arise. An estimate of the amount of
leachable uranium was obtained by shaking about fifty grams of one of
the river sediments with 0 • 1 M ammonium carbonate for about fifteen hours.
It was found that the amount of uranium leached was 0*3 micrograms
U-238/gm. of mud; the U-234/U-238 activity ratio was 1-4 ± 0-1. An upper
limit on the contribution of uranium due to leaching of mud present in
samples was estimated from the known particulate matter content of these
river waters,22 assuming a complete leaching of the normal uranium con-
centration—3 ppm. By this approach we estimate that not more than ten
per cent of the total observed activity in the water can be due to leaching
of uranium from the mud.

Thus we conclude that the measured uranium concentrations as well
as U-234/U-238 activity ratios represent closely the actual values for dis-
solved uranium present in the waters.

Ra-226 was determined by measuring its daughter nuclide, Rn-222,
essentially by the procedure described by Broecker,23 from five litre water
samples. We replaced the single U-tube used by Broecker by a coiled one,
which traps the radon more efficiently. The trapped radon is released
directly into the counter, which consists of a two-inch diameter stainless
steel chamber coated inside with activated zinc sulphide. The method will
be described in detail elsewhere.22 The two short-lived daughter products
of radon, v/'z., Po-218 and Po-214 grow in the chamber and attain saturation
value within about two hours. The scintillations produced by the ahpla
particles emitted by the three nuclides are recorded by photomultiplier
assembly. The alpha counting yield for the above system, using a N.B.S.
Ra-226 standard, was measured to be 1-5 ± 0 - 1 . The background rates
were about 3-4 counts per hour.

Blank runs with distilled water did not give any measurable activity
above the background. The usual activity signals due to Ra-226 were in
the region of 0-5-5 counts per minute.

The activity ratios, Ra-228/Ra-226, were determined from about
200-400 litres of water after the removal of suspended matter by gravi-
tational settling. A preliminary concentration of radium isotopes was carried
out at the sampling site by precipitating CaCO3, which scavenges most of the
radium. CaCO3 was dissolved in HCl, and Ra-226 concentration was first
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determined by radon emanation method. The concentration of Ra-228
was obtained by milking its short-lived daughter Ac-228 (half-life = 6-1
hrs.) by Fe (OH)3 scavenging. The beta activity of Ac-228 was assayed
on a flat rectangular gas flow counter.24 The activity levels of Ac-228 were
about 5-10 counts per minute compared to background of 0-1-0-15 counts
per minute of the counter.

The samples were remilked; duplicate analyses were in good agreement.

3. RESULTS

The uranium concentrations in micrograms/litre (ppb) and the U-234/
U-238 activity ratios are given in Table II, along with the salinity (sum
of the major dissolved constituents) data. Table III lists the variation in
the uranium concentrations and U-234/U-238 activity ratios during different
seasons for the three rivers Ganges, Cauvery and Sabarmati. The radium
content (in dpm/litre) and the Ra-228/Ra-226 ratios are given in Table IV
(Since the activity levels of Ra-226 in five litre samples were low, the results
are reliable only within ±15%.)

TABLE II

Concentrations of tf-238 and activity ratios, £/-234/tf-238, in Indian Rivers

River

Ganges #•

w •

it • •

ti • •

Sabarmati •

Godavari

Krishni ••

Cauvery ••

Mutha ••

Ulhas ».

Sample
location

Hardwar

Allahabad

Patna

Nabdeep

Ahmedabad

Rajahmundry

Vijayawada
•
Trichi

Khadakwasla

Ulhas nagar

Date
of

collection

Jan. 1068

• i

i i

» »

Feb. 1968

a t 1067

II

II

Sept. 1067

n

Nature
of

river
bed

Sedimentary

i t

f i

• •

i»

B a s a l t s and
pids&ic base-
ment

i t

Gneigic base-
mtnt

Basaltic

II

Total
dissolve d

solids
(ppm)

186

338

372

373

470

213

205

310

96

66

Uranium
(ppb)

1-9210*2

6*5510*80

4*1210*50

1*5510-16

3*5010-40

0-18 ±0*04

1*0810*12

0*5810*04

0*0110 001

0*01l0«C01

U-2SU/U-23I
(activity ratio)

1*0310*03

1*0410*02

1-12x0*03

1*0710*03

1*3010*03

1*3510*03

1*2810*03

1M410-05

1*3110*12
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4. DISCUSSIONS

(a) Uranium.—The uranium concentrations observed by us are in good
agreement with the values reported earlier for Chambal river,2B but are higher
compared to many world rivers.4'lfi

The river Ganges has been sampled at four stations along its course.
This river originates in the Southern Himalayas and flows mainly through
sedimentary rocks. Uranium concentration values are highest at Allahabad,
6-5 micrograms/litre, decreasing along its course to a value of about 1-5
micrograms/litre near the mouth of the river. This decrease in the con-
centrations could either be due to the dilution by the tributaries of Yamuna
which meets Ganges at Allahabad. These tributaries (not shown in
Fig. 1) flow mainly through basement complex. (Basement complex or
gneissic basement consists of a mixture of igneous and sedimentary rocks.15)
Another possible explanation involves the precipitation of uranium due to
the presence of a reducing environment along its course. The available data
are inadequate to choose between these alternatives. The low value at
Nabdeep, near the mouth, cannot be explained in part as due to dilution
by sea-water because of the observed low chloride content (8 ppm) of the
water.

The three South Indian rivers, Cauvery, Godavari and Krishna which
mainly flow through basement complex have nearly similar uranium con-
centrations, 0-6-1 -Oppb, considerably lower than northern rivers
(Ganges and Sabarmati). The U-234/U-238 activity ratios of these rivers
are however significantly higher compared to Ganges.

The two small rivers Ulhas and Mutha which flow through basaltic
terrain (Deccan trap series), have the lowest uranium concentration. The
U-234/U-238 activity ratios are higher compared to that of Ganges, but are
similar to the ratios observed for the three South Indian rivers.

The river Sabarmati flows mainly through sedimentary deposits similar
to that of Ganges. During summer, the water is fed mainly by effluent
seepage from ground.27 Both the uranium concentration and U-234/
U-238 activity ratio are high (Table II). One ground water sample analysed
from an area adjacent to the river was found to have a concentration of
10 micrograms U/litre with U-234/U-238 activity ratio of 1-45 ± 0 - 0 5 .
Therefore, it seems possible to delineate the extent of effluent seepage (dry
discharge) from a study of U-238 concentration and U-234/U-238 activity
ratios in ground waters and in river during different seasons, particularly
in areas where these parameters are very different in the two cases,
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From the data presented in Table II (see also Fig. 2), it is clear that
rivers draining through sedimentary rocks are generally rich in uranium
compared to the rivers flowing through igneous rocks, an observation similar
to that reported earlier by Koczy,18 Also, U-234/U-238 activity ratios in
rivers flowing through igneous rocks are higher compared to those flowing
through sedimentary rocks5—i.e., an anti-correlation between uranium con-
centration and the activity ratios, U-234/U-238,

10 O

1

i
- \

1

\

1
I

i
-

BASALTIC BASEMENT COMPLEX SEDIMENTARY

NATURE OF THE RIVER BED

FIG. 2. Observed ranges in concentration of uranium in rivers and the nature of river bed.

In Fig. 3, we have plotted the uranium concentration values against
the salinity (total dissolved salts) values from all the world rivers for which
the data are available. A general positive correlation seems to be there
which is not surprising since salinity values are an approximate measure
of the weathering of the terrain through which the river flows.

:Table ill gives the measured concentrations of U-238 and activity ratios
U-234/U-238, for three rivers during different seasons. There does not
seem to be any marked variation in the U-234/U-238 activity ratios. The
U-238 -concentration however decreases significantly during the monsoon
period.

Frcnn the available data on river discharge to sea,88 we obtain a mean
activity ratio U-234/U-238 = 1 -2 for the Indian rivers. This value
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TABLE III

Seasonal variation in the concentration of uranium and activity ratios
CA234/C/-238

River
(location)

Sabarmati
(Ahmedabad)

Ganges
(Allahabad)

•

Cauvery
(Trichi)

Date of collection

.. May 1967
February 1968
April 1968
September 1968
October 1968
December 1968

.. May 1967
January 1968
July 1968
October 1968
November 1968
January 1969

.. February 1967
October 1967
June 1968
October 1968

Uranium
(ppb)

2-5±0-40
3-5±0-40
4-2 ±0-20
2-4±012
3-0±011
3-8±0-ll

7-0±l-00
6-6±0-80
0-9±0 03
5-7±0-40
6-l±0-60
5-l±O-3O

0-7±0-09
0-6±0-04
0-3±0-01
0-2±001

U-234/U-238
(activity ratio)

l-45±0-07
l-49±0-03
l-57±0-04
1-58 ±0-04
l-51±002
l-47±0-04

1-00±0-04
l-04±0-02
l-03±0-03
l-04±0-02
l-O8±O-O3
l-01±0-02

l-30±0-03
l-28±0-03
1-31 ±0-04
l-29±0-09

close to the published values for principal world rivers, 1-2 for the Russian
rivers,5 1-1 for Amazon, and 1-3 for Mississippi.4 These rivers comprise
about 25% of the world annual river discharge. We therefore estimate
that the weighted mean activity ratio, U-234/U-235 for world rivers is
about 1-2, with an upper limit of 1*3. As discussed below this result is
not consistent with the observed activity ratio of U-234/U-238 in sea-water
if one considers rivers to be the dominant source of uranium in ocean. In
this case it can be shown that if steady state conditions exist in oceans for
uranium:

T== Ar-A (

A4(A0-l)-ArA8
(2)

T is the residence time of uranium in sea-water, A8 and A4 are the disinte-
gration constants of U-238 and U-234 respectively, A is the activity ratio
of U-234/U-238 and subscripts r and o refer to river and ocean watê r
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respectively. Two additional conditions imposed by the material balance
of U-238 are

(3)

(4)

where Cr is the weighted average concentration U-238 per litre in river
waters, Co is the U-238 concentration in oceans, Cs is the concentration
of authigenic U-238 in pelagic sediments (weight parts), S is the average

oi— 200 SCO

SALINITY (ppm>

400 900

FIG. 3. Measured concentrations of uranium arc plotted vs. salinity ("total dissolved salt
contcni). The salinity data for Amazon and Mississippi arc taken from Livingstone,*0 those for
Indian rivers are from present sludy.

sedimentation rate (gm/cm2-yr.). The value of the proportionality con-
stant, Ki has been taiccn to be = 3*75 x 10* yrs, assuming the commonly
adopted values of 1 -35 x 1021 litres for the oceanic volume" and 3-6 X 1OW

litres for the volume of global annual river run off.30 The constant K, is
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calculated to be 10, assuming a mean oceanic depth of 3750 metres and world
average sedimentation rate of I gm/cm2.I03 yrs.

coo

4 0 0

200

•6
ft

£0

RAIN-FULL
,

URANIUM CONCENTRATION

. I Acnyrr/ BATQ

L I ©67- 4 >9€8 f—!»©»

Ganges river sample at Allahabad. The concentration of uranium a observed to decrease during
the monsoon period of 196S. No samples were collected during 1967 monsoon.
G.

-

Figure 5 shows the relation between equations (2), (3) and (4). The
shaded bands on the axes give the ranges in the weighted mean of U-234/
U-238 activity ratios for the world rivers, concentration of authigenic
uranium present in deep sea sediments (based on the results of Ku31) and
the weighted mean of U-238 concentration in rivers. From this figure it
is clear that the amount of uranium depositing on the ocean floor could
be explained by input from rivers, i.e., conditions given by equations (3) and
(4) are not necessarily violated. However, in order to explain the uranium
concentrations observed in the sea by a model in which the input is only
by rivers, it becomes necessary to have U-234/U-238 activity ratios at input
to exceed 1 • 3 (considering the upper limit of average U-238 concentration
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in rivers) and to exceed 1 -6 (to explain the observed concentration of authi-
genic uranium in deep sea sediments).

CONCENTRATION Of AUTHIGENIC U-238 IN PELA&C SEDIMENTS (ppm)

2 « i
0-5 1-0 (0 20

| , o

5 '«
(VI

1*1
1(3

O-06 0-1 0-2 O5 I-O 2

CONCENTRATION OF U-238 IN RIVERS (ppb)
to

FIG. 5. Theoretically estimated correspondence between average weighted U-234/U-23
activity ratios and U-238 concentration in rivers, based on a steady state river-influx model (see
equations 2 and 3). The corresponding expected authigenic U-238 concentrations in pelagic
sediments arc also given (cf. equation 4).

Hence there must be some other agency/mechanism which constitutes
an important source of uranium in the oceans. Further in this source the
U-234/U-238 activity ratio should be high (—2). One of the possible sources
could be the migration of uranium from deep sea sediments as was sug-
gested by Ku31 which is supported by the observed deficiency of U-234 in
the upper layers of the sediments.31- ** This may be due to the fact that
there has been a preferential leaching of U-234 in sediments possibly due

tto the difference in the chemical nature of the two isotopes.
Another possible source is the in situ leaching of eolian dust and river

suspended load in sea-water. The quantitative aspects of both these alter.
natives will be discussed in detail elsewhere.17
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TABLE IV

Concentrations* of Ra-226 and Ra-22%IRa-226 activity ratios in Indian Rivers

River Location Ra-226 Ra-228/Ra-226
(dpm/litre) (activity ratio)

Ganges

do.

Godavari ..

Krishna

Sabarmati ..

Hardwar

Nabdeep

Rajahmundry

Vijayawada

Ahmedabad

0-20

• •

0-05

005

009

0-78

1-95

• •

3-40

* The statistical errors in the determination of Ra-226 are ± 15% only 5 litre samples were
analysed. The activity ratios, Ra-228/Ra-226 are reliable to ± 5% samples of 200-400 litres were
analysed.

TABLE V

Available data on the concentrations of Uranium and I/-234/J7-238 activity
ratios for world rivers

Average Mean
Uranium U-234/U-238 discharge41 Reference

(ppb) activity ratio (cu.ft./sec.)
xlO8

Indian rivers

Russian rivers

Amazon

Mississippi

Figures in parentheses give the range.
• Livingstone.80

t Private communication from the Officers-in-Charge, Central Water and Power Commission,
New Delhi.

001-70

0-04

1-0

(1

(1

1-2
•00-1

1-2
•12-1

11

1-3

•58)

•29)

600f

4000

6000

620

Present study

5

4

4
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It may be added here that it is quite likely that a major portion of the
uranium brought to the sea by rivers appears to be deposited in the shelf
regions due to reducing conditions prevalent in the coastal regions.33 If most
of the riverborne uranium is deposited on the shelf, then it is required that
the ratio in the additional source discussed above should have a value
close to 1-5. However, if river influx effectively constitutes greater than
50% of the uranium input to open oceans, then it is necessary that the
additional source should have a ratio exceeding a value of 2 or thereabouts.

(b) Radium.—The concentrations of Ra-226 in Indian rivers are similar
to the published values for other world rivers4-15 while those of Ra-228 are
at least an order of magnitude higher than the only reported value for
Amazon,13

In Fig. 6, the Ra-226 concentrations are plotted against the( Ca-j-Mg)3"
concentrations. There seems to be a linear correlation between the

t>!3

0 0 9

n

* ROKA a

x KOORE1

STUDT

20 40 60 So
CONCENTRATION OF (Co+Mg) IN ppm

ICO

Fio. 6. Measured Ra-226 activity is plotted versus (Ca + Mg) concentration of river
The (Ca + Mg) data for Indian rivers are from present study, and for other world rivers, tho data
*re from Livingstone.*
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(Ca + Mg) and Ra concentrations which is not unexpected because of the
similar behaviour of the alkaline earth elements.

Proceeding in a manner similar to that adopted for uranium and taking
the respective mean lives of the nudides, Ra-226 and Ra-228 as the upper
limits for their residence times in the oceans, it is seen that the observed
concentration of these isotopes in rivers fall short by factors of 30 and
10 respectively to explain their observed sea-water concentrations. Once
again we note that one cannot satisfactorily make a material balance in these
cases. For the long-lived Ra-226, the observed concentrations in sea-water
could be explained away in terms of diffusion from deep sea sediments, a
mechanism proposed by Koczy.34 However, in the case of Ra-228 which
has a short half-life, the observed concentrations in the upper layers of
the oceans13 cannot be due to diffusion from deep sea sediments.
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ABSTRACT

By employing the quartz fibre spring technique, sorption-desorption
hysteresis at 35° has been studied of Iso-propyl, Iso-Butyl, Sec-Butyl,
Tert-Butyl, Active Amyl and Iso-Amyl alcohols on fibrous silica gel
(Santocel C) activated at 250°. The isotherms of all the alcohols have
clearly defined "knees". By the application of BET theory, the mono-
layer capacities are determined. Knowing the specific surface area of
fibrous silica gel, assuming oriented sorption of theisomeric alcohols with
the OH group attached to surface; the cross-sections of the alcohol
molecules are calculated. Excepting Iso-Propyl and Sec-Butyl alcohols, all
others have cross-sections greater than that of normal aliphatic alcohols.
These higher values are to be expected in view of the side CH8 groups.
The exceptional behaviour of Iso-Propyl and Sec-Butyl alcohols is not
cleat.

Permanent and reproducible hysteresis loops have been obtained in
all the cases. Cohan's theory of hysteresis cannot explain the observa-
tions satisfactorily. Cavity theory however explains all the cases of
hysteresis. The shapes of the isotherms of the different alcohols in the
high relative vapour pressure region indicate a variation in contact angles
of the alcohols.

INTRODUCTION

FIBROUS Silica Gel of trade name Santocel C has been used in earlier
studies1 on the sorption and desorption hysteresis of normal aliphatic alco-
hols. -In all the systems studied permanent and reproducible hysteresis
loops are obtained. The surface area calculated from monolayer capacity
for each alcohol reveals oriented type of sorption in the monolayer.

The present studies have been made with isomeric monohydric aliphatic
alcohols with fibrous silica gel. The specific surface of fibrous silica, gel

18
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activated at 250° for 2 hr. has been determined in the earlier investigation1

by measuring monolayer capacity for the normal aliphatic alcohols and
assuming oriented sorption of alcohol molecules perpendicular to surface.
Assuming this value of specific surface and oriented sorption of isomeric
alcohols on the surface of fibrous silica gel, the cross-sections of the alcohol
molecules are calculated and are presented in this paper.

EXPERIMENTAL

The Santocel C obtained from the Monsanto Company, U.S.A., was
heated to 250° for 2 hr. in order to remove any organic vapours and the
activated gel was used in sorption and desorption studies.

The following sorbates were employed:

Iso-propyl alcohol, B.D.H. (British Drug House), A.R., redistilled,
B.P. 82 0°.

Iso-butyl alcohol, B.D.H., A.R., redistilled, B.P. 107-0°.

Sec-butyl alcohol, Basic and Synthetic Chemicals (India), A.R. grade,
redistilled, B.P. 97-0°.

Tert-butyl alcohol, B.D.H., L.R., redistilled, B.P. 82-5°.

Active amyl alcohol, E.Merck, E.P., redistilled, B.P. 129-0°.

Iso-amyl alcohol, B.D.H., L.R., redistilled, B.P. 131 0°.

Quartz Fibre Spring Technique

The quartz fibre spring technique employed in the present work has
been described in the earlier investigations of the authors.2*3

RESULTS AND DISCUSSIONS

A series of sorptions and desorptions were carried out with Iso-Propyl,
Iso-Butyl, Sec-Butyl, Tert-Butyl, Active Amyl and Iso-Amyl alcohols on
fibrous silica gel. The experiments were done at 35°. Duplicate experi-
ments were done but the results of one experiment have been given. In
all the cases, permanent and reproducible hysteresis loops have been ob-
tained and the loops have been reproduced upto 3rd or 4th cycle of sorption
and desorption. The results are shown in Figs. 1-6. The permanent and
reproducible hysteresis loops of the different alcohols obtained in the 3rd
or 4th cycle have been shown together in Fig. 7 for purpose of comparison
by plotting the sorption values against the relative vapour pressure.
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In all the systems, except for a small initial sorption due to monolayer
formation, the isotherms are practically horizontal and show no appreciable
increase in sorption upto relative vapour pressure of about 0-75. In the
light of capillary condensation theory of sorption, this indicates the absence
of micropores and even the transitional pores as per Dubinin's classification.4
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F c . 1. Sorpfon and dcsoiption of Iso-Propjl alcol ol on fibrous silica gel in 1st, 2nd
and 3rd cycles.
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FIG. 2. Sorpiion and dcsorption of Jso-Butyl alcohol on fibrous silica gel in 1st, 3rd and
4th cycles.

FIG. 3. Sonrtion and t'esorption of Sec-Butyl alcohcl on fibrous silica gel in 1st, 2nd and
4th cycles. -

The sorption isoihcrms have clearly defined "knees" followed bv linear
>rtion. According to BET5 theory the "knee" signifies the transition
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from monomolecular to multimolecular sorption. Therefore the BET
equation has been applied to obtain the monolayer capacity xm in each
case. The BET plots were straight lines.

FIG. 4. Sorption and desorption of Tcrt-Butyl alcohol on fibrous silica gel in 1st, 2nd and
3rd cycles.
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FIG. 6

FIG. 5. Sorption and desorption of Active Amyl alcohol on fibrous silica gel in 1st, 2nd
and 3rd cycles.

FIG. 6. Sorption and desorption of Iso-Amyl alcohol on fibrous silica gel in 1st, 2nd and
3rd cycles.

Alternatively, the value of monolayer capacity can also be read out
directly from the isotherms with reasonable accuracy.G>7 The isotherms of
pll alcohols display long straight portion after the "knee". The point at
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which the linear portion begins is termed point B and indicates the com-
pletion of the monolayei'. The sorption at point B is the monolayer capa-
city xB. The value of xB for each system has been taken directly from the
isotherm.

0-23 W10 075 1-00

5 Ho

0,29 0-50 OTS 1-00

FIG. 7. Sorption and desorption of fibrous silica gel of Iso-Propy], Iso-Butyl, Sec-butyl,
Tcrt-butyl, Active Amyl and Iso-Amy] alcohols.

The value of monolayer capacities xm and xB for the isomeric alco-
hols and the relative vapour pressures at which the monolayers are fully
formed have been given in Table I.

The values of xm and *B for each alcohol are almost same. How-
ever, there is variation in relative vapour pressures of the different alcohols
gt which the monolayer is complete,
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TABLE I

Monolayer capacities xm and *B in g. per g. of sorption and the corresponding
relative vapour pressure

•

Iso-Propyl alcohol ..

Iso-Butyl alcohol

Sec-Butyl alcohol

Tert-Butyl alcohol ..

Active Amyl alcohol..

Iso-Amyl alcohol

xm

0 040

0-029

0-041

0013

0 039

0-029

x.

0-039

0-031

0-040

0-015

0-037

0-032

PlPo

010

0-13

0-09

0-05

0-20

0-15

Monolayer Capacity and Specific Surface

From the monolayer capacity, the specific area of the surface of the
sorbent is calculated by the equation8:

S = ^ . N . A m x

where

S = Specific surface in m.2/g. of sorbent,

xm = Monolayer capacity in g. of sorbate per g. of sorbent,

M = Molecular weight of sorbate,

N =Avogadro's constant,

Am = Molecular cross-section of sorbate in A2.

In the earlier work1 on the sorption and desorption of normal piono-
hydric aliphatic alcohols on fibrous silica gel the specific surface area of
the gel has been calculated by assuming oriented sorption of the linear
alcohol molecules perpendicular to surface in the monolayer and is* four.d
to be 58 m.2/g. Assuming this value of the specific surface and also ori-
ented sorption of the isomeric aliphatic alcohol molecules with OH group
on the surface of fibrous silica gel, the molecular cross-sections of the iso-

aliphatic alcohols have been calculated and are shown in Table II,
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The cross-section of the normal aliphatic alcohol molecules is also given
in the table to facilitate comparison.

TABLE II

Molecular cross-sections in A2 of isomeric alcohol molecules taking the
specific surface area of fibrous silica gel as 58 m.2lg.

Alcohol

Iso-Propyl alcohol

Iso-Butyl alcohol

Sec-Butyl alcohol

Tert-Butyl alcohol

Active Amyl alcohol

Iso-Amyl alcohol

Normal aliphatic alcohols
(Taken from ealier work1)

Molecular
cross-section

in A2

14-5

25-0

17-4

55-5

22-0

28-8

20-7

The cross-section of the hydrocarbon chain in normal aliphatic alco-
hols is 20-7 A2. Excepting Iso-Propyl and Sec-Butyl alcohols the molecular
cross-sections of the isomeric alcohols are higher than 20-7 A2. This is to
be expected in view of the presence of side CH3 groups and that isomeric
alcohols are not linear in structure unlike normal aliphatic alcohols. That
Tertiary Butyl alcohol has the biggest cross-section, i.e., 55-5 A2 is a signi-
ficant finding. This is to be expected as its molecule has 3 side CHS groups
and is non-linear in structure. The cause of the low values of molecular
cross-sections of Iso-Propyl and Sec-Butyl alcohols is not clear.

A search of the literature was made for data on molecular cross-sections
of the isomeric alcohols and these could not be obtained.

Sorption-Desorption Hysteresis

All the isomeric alcohols have given permanent and reproducible hyste-
resis loops. Equilibrium was established within an hour but actually 2 hours
were allowed to ensure complete equilibrium. The amounts taken at satu-
ration pressure of Isp-Propyl, Iso-Butyl, Sec-Butyl, Tert-Butyl, A9tive Amyl
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and Iso-amyl alcohols are 56-5, 42-8, 41-5, 68-1, 18-8 and 18-5cm.3 per
100 g. of fibrous silica gel respectively. The amounts taken of H-Propyl,
w-Butyl and n-Amyl alcohols are 38-7, 19-0 and 21 -0 cm.3 per 100 g. of gel
reported in the previous paper.1 Excepting the isomers of Amyl alcohol,
the sorption values of which at saturation pressure are slightly less than
that of H-Amyl alcohol, the saturation values of Propyl and Butyl isomers
are 1 *5 to 3 times higher than the normal alcohols.

Two theories—Cohan's theory and Cavity theory—have been advanced
so far to explain sorption-desorption hysteresis.

Cohan's Theory

Cohan has9 explained sorption-desorption hysteresis in terms of the
difference in shapes of the meniscus during sorption and desorption—hemi-
spherical in desorption and cylindrical in the initial stages of sorption. In
desorption, Kelvin theory of evaporation of liquid from the capillary is
assumed but in sorption a cylindrical film of liquid is first formed and next
the capillary is filled with liquid as the pressure increases. Assuming this
mechanism, he has shown that for a capillary of particular radius, capillary
condensation along the sorption branch occurs at a higher relative vapour
pressure than capillary evaporation along the desorption branch, thus
accounting for hysteresis. He has also shown that pressure ph at which
hysteresis loop begins corresponds to the equilibrium pressure for rc = 2D
where rc is the radius of the capillary and D is the diameter of sorbate
molecule. On the basis of Cohan's theory the value of D is given by the
equation

D = —
nPo

where

M = Molecular weight of sorbate,

d = Density of sorbate,

a = Surface tension of sorbate.

By applying Cohan's theory to our results, the values of D obtained
are shown in Table III. The values of Dcublc and DspherIcal are also shown
to facilitate comparison. DgpherlCil is calculated from the equation,10

P = l-33 x J0"8x Vm*
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where Vm = molecular volume and Dcubic from molecular weight and
density.

Table III reveals that the molecular diameters D calculated from
Cohan's theory are very much higher and vary from 3 to 10 times the
values of Dapherlcal. These indicate the limitations of Cohan's theory of
hysteresis.

TABLE III

Molecular diameters Z>cublc Apheticai ond D from Cohan's theory in A

Iso-Propyl alcohol ..

Iso-Butyl alcohol

Sec-Butyl alcohol

Tert-Butyl alcohol ..

Iso-Amyl alcohol

•Deubic

4-3

4-5

4-5

4-6

4-8

•l-'ipherical

5-7

6 0

6-0

6-1

6-4

•l-'cohan's theory

60-4

38-6

40-6

50-5

5-1

Cavity Theory

According to cavity theory,2* 3»n a cavity is a capillary with a constricted
neck and may have two or more necks. Filling of these cavities during
sorption is progressive whereas emptying during the desorption is sudden
and abrupt. The two processes are not coincident. Certain amount of
sorbate is entrapped in the cavity during desorption, thus accounting for
hysteresis.

The cavity theory alone has been successful in explaining the hysteresis
effect and all its allied phenomena such as Drift,2*12 Disappearance of the
hysteresis loop with solvating liquids,2'3*13-16 permanence and reproduci-
bility of the hysteresis loop2'17 and Scanning of the loop.2*17-19 The
approach so far has been qualitative and no quantitative formulation of
the theory has been made.

Possible Effect of Contact Angle on the Shape of Sorption and Desorption
Isotherms

As in the case of normal aliphatic alcohols,1 there is marked variation
in the^ize and shape of the isotherms and the hysteresis loops of the i
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meric alcohols. The isotherms of Tert-Butyl, Iso-Propyl and Iso-Butyl
alcohols rise practically asymptotic to the saturation pressure ordinate
whereas Sec-Butyl, Iso-amyl and Active Amyl alcohols cut the saturation
pressure ordinate at an angle.

Gregg20 has discussed the effect of contact angle of the sorbate
on the shape of the isotherm. Ordinarily, in the application of Kelvin
equation to the study of the isotherm, the contact angle is assumed to be
zero when the surface is pure and free from impurities. This is true of
liquids like water which wet the surface, but with liquids which have definite
contact angles, the isotherms intersect the ordinate at an angle.

A search of the literature on contact angle was made but the values
could not be obtained for isomeric monohydric alcohols. Fox and Zisman21

have shown that for many of liquids on solids, the contact angle decreases
with decreasing surface tension of the liquid. The values of surface ten-
sion22*23 of the Tert-Butyl, Iso-Propyl, Iso-Butyl, Sec-Butyl and Iso-Amyl
alcohols are 18-8, 20-5, 21-8, 22-2 and 22-7 dynes per cm. at 35° respec-
tively. In the light of Fox and Zisman's conclusion, the contact angles
of these alcohols should be in the order Tert-Butyl < Iso-Propyl < Iso-
Butyl < Sec-Butyl and < Iso-Amyl alcohol. It is interesting to note that
the sorption values at saturation pressure of these alcohols vary in the
reverse order Tert-Butyl 68-1% > Iso-Propyl 56-5% > Iso-Butyl 42-8%>
Sec-Butyl 41-5% > Iso-Amyl 18-5%. In other words sorbates of low
contact angles have the isotherms, rising asymptotically to the saturation
pressure ordinate, and high sorption values at saturation pressure, Whereas
sorbates of high contact angles have isotherms cutting the saturation pressure
at an angle, and low sorption values.

The value of the surface tension of Active Amyl alcohol was not
available. But from the shape of the isotherm it follows that the contact
angle of Active Amyl alcohol is nearly equal to that of Iso-Amyl alcohol.
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ABSTRACT

Electron Spin Resonance of CaWO4 with 0-1% of Cr has been
investigated at liquid nitrogen and liquid helium temperatures. The
observed ESR spectrum is attributed to Cr54- ion in the substitutional
site of W which has a compressed tetrahedral surroundings. A simple
point charge calculation based on this geometry explains the observed
g anisotropy and hyperfine anisotropy and places the magnetic electron
in a predominantly 3dsi orbital. A compaiison of these results with those
obtained on other isoelectronic systems in similar and different co-ordi-
nations justifies our assignment.

INTRODUCTION

ELECTRON Spin Resonance (ESR) studies on ions with d1 configuration have
been less extensive compared to other configurations with rf-electrons.
Azarbayejani and Merlo1 have studied Mo5+ in CaWO4 and found that
Sn > 8JL and A,, < Aj., a result that is inconsistent with observations on
Mo5* in glass and in TiO2.

2> 3 It has been suggested by them that other
isoelectronic systems like Cr61" and W51 should also be investigated. ESR of
Cr in CaWO4 has been reported earlier by Kedzie etal* who first inter-
preted the resonance to be from an excited state. A later paper by the same
authors5 proposes that the ESR spectrum arises from the ground state of
Cr5+ in the W6^ site of CaWO4. To our knowledge no detailed analysis of
the spectra has appeared. Our preliminary results on Cr6* in CaWO4,

6 at
liquid nitrogen and helium temperatures indicated that the ESR spectrum
arises from the ground state of d1 configuration; also our line widths are
larger than those observed by Kedzie et al*> 5 Recently, Banks, Greenblatt
and McGarvey7 have investigated the ESR spectrum of CrO4

3~ in single
crystals of Ca2PO4Cl and have demonstrated the ground state of Cr54- at
the centre of a distorted tetrahedron to be one in which the unpaired
electron is in a 3dz* orbital which is largely concentrated on the chromium
ion.

29
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In this paper we have confirmed our preliminary results,6 and have put
forward detailed arguments to show that the observed ESR spectrum arises
from Cr5* substituted in the distorted tetrahedral site of W6+ in CaWO4. In
the preliminary report6 W-site for Cr5* was favoured only on the basis of
greater ease of charge compensation as compared with Ca-site and addi-
tional reasons are given in this paper to support this assignment. The
ground state of Cr5+ is argued on the basis of analysis of £-values, gn and gX9

and hyperfine constants, AM and Aj,, to be one in which the unpaired elec-
tron is in a dz* orbital in agreement with the results on Cr5* in Ca3PO4Cl7.

EXPERIMENTAL RESULTS

The CaWO4 crystal doped with a nominal concentration of 0-1% Cj
were obtained from Semi Elements.8 The crystal was dark green in colour
in contrast to the yellow colour observed for Cr64" in CaWO4.

9 The measure-
ments were made using an X-band superheterodyne spectrometer built in
our laboratory.10 A cylindrical cavity operating in TEm mode was used
for measurements at liquid nitrogen and liquid helium temperatures. A
rotating Varian 12" magnet (VA 3606) with a Fieldial power supply (VFR
2501) provided the magnetic field. A transistorised proton probe placed
near the cavity was used to measure the magnetic field. The microwave
frequency and proton resonance frequencies were measured using a Hewlett
Packard counter-converter combination.

At room temperature the crystal showed an ESR spectrum which could
be attributed to Mn24" impurity. The Mn2+ spectrum in CaWO4 has been
examined by Hempstead and Bowers11 and by Kedzie and co-workers.12

The latter authors have pointed out that the linewidths of the Mn2+ spec-'
trum are strongly anisotropic and have also analysed the forbidden transi-
tions. These forbidden transitions were also observed by us and were used
to align the -crystal. When the magnetic field is along the principal axes
the forbidden transition lines should not be seen. Figure 1 is the derivative
of the ESR spectrum obtained from our sample at 77° K when the magnetic
field is along the tetragonal axis; a broad anisotropic line is observed along
with the Mn lh lines. At 4-2° K the broad line narrowed and four weak
satellites of equal intensity appeared with their centre falling on the centre
of the main line. The separation between the satellites is maximum when
the magnetic field is in a plane perpendicular to the tetragonal axis of the
crystal. _When the magnetic field is along the tetragonal axis the satellites
could not be resolved as they merge with the main line. The satellites are
identified as arising from the hyperfine interaction with the odd isotope
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Cr" (I = 3/2) occurring with a natural abundance of 9-54%. Figure 2 shows
the derivative of the ESR spectrum at 4-2° K with the magnetic field per-
pendicular to the tetragonal axis. Many other resonances were observed
at 4-2° K and these are presumably from rare-earth impurities present in
the crystal.

90G.

FIG. I. Derivative of the ESR spectrum of CaWO^Cr54" at IT K; H parallel toe-axis.
The intense broad line at the centre is due to Cr5*, the others are from Mns+.

FIG. 2. Derivative of the ESR spectrum of CaWO4:Crs+ at 4-2' K; 11 perpendicular to

v axis,
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The observed resonance could be described with a spin Hamiltonian
with axial symmetry and effective spin 1/2. The explicit form is

&C = S'nPHgSg -f- SxP (HxSx ~r HySy) -p "-m**z*z "~r AJ, VS#1X \ &y*yj

(i)

Table I compares our values for the parameters in Eq. (1) with those of
Kedzie and co-workers.5 We could observe a broad resonance at 77° K
while they could not observe any resonance attributable to Cr5* above 50° K,

TABLE I

Spin-Hamiltonian parameters for Cr*+ in CaWOt

gu gjL An A^ Temp. Reference

4-2° K This paper

23° K 4

THEORY

CaWO4 has a Scheelite structure13 and the light atom positions have
been determined by neutron diffraction.14 The Ca site has eight oxygen
neighbours and has the site symmetry of S4. There are four oxygens at
a distance of 2-44 A and another set of four oxygens at a distance of 2-48 A.
The WO4 group is mainly tetrahedral with a distortion which can be visua-
lized as a slight compression along the c-axis of the tetrahedron. The mea-
sured O-W-O angles are 107-5° (four times) and 113-4° (twice) with W-O
bond distance as 1 -789 A. The W site also has a site symmetry of S4. The
structure of Scheelite may be considered as CaO8 groups and WO4 tetra-
hedron alternating according to the space group (HJa). A simple calcu-
lation shows15 that the height of the cube, in which WO4 is inscribed, along
the c-axis is 1-96 A as compared with 2-11 to 2-14 A for a regular tetra-
hedron. There are four molecules in the unit cell and the ESR spectra
of an anion substituted in any one of the Ca or W sites are indistinguishable
since they show indentical local S4 symmetry with a common c-axis. In
such~ cases we have to depend on the characteristics of spin Hamiltonian
constants in deciding the substitutional site. We shall proceed with the

1-988
±0-004
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±0-004

1-943
±0-004

1-945
±0-004

4
±1
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assumption that Cr6* is likely to be in the substitutional site of W. The
question of Cr6* substituting for calcium will be discussed later and shown
not to conform to our experimental results.

Since WO4 group in this crystal has a slightly flattened tetrahedral
structure, we shall approximate this to D4h for our calculation and this
is also borne out by the fact that the observed spectrum fits an axial spin
Hamiltonian. The ground state and the magnetic properties of a d1 system
in such a symmetry can be calculated with the assumption that the crystal
field has a dominant cubic component together with a small axial field super-
imposed on it. Such a calculation shows that a cubic field (Td) splits the
fivefold orbitally degenerate states into a triplet (/^ and a doublet (e) and
for negatively charged ligands, the doublet (e) is lower in energy. Addition
of a compression along the [001] reduces the symmetry to D^ and the e-
orbitals are split further and the lowest of the two Kramer's doublets will
be the state of our interest. The two states of the e-orbitals can be labelled
as dx*-v* and dz* in the familiar way and one will have to determine which
of these is the lower state in our system. Taking into account spin-orbit
coupling effects, we can show that for the two states7:

for dz*

ft =2-0023 (2)

fc - 2 . 0 Q 2 3 ( l - g ) (3)

(4)

and

( ? f A ) (5)
and for dx*-y*

,, - 2-0023 ( l - ^ ) (6)

= 2-0023 ( l " ^ > ) (7)

(8)
A 3
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and

(9)

where gn and g± are the g-values when the magnetic field H is parallel and
perpendicular to the tetragonal axis and AH and Ax are similar hyperfine
parameters; A is the spin-orbit coupling constant; P = 2-0023 gN ]8j8M

(r~*)av and PK is the isotropic hyperfine contact term arising from the
v polarization of the inner ^-electrons by the unpaired spin in the rf-orbital;
if we ignore to an approximation the further splitting of the t2 triplet, A is
the energy difference between the dz* orbital and the triplet and A' is the
energy difference between dx*-y* orbital and the triplet. With the assump-
tion that K is positive16'17 this simple theory predicts for Cr5* whose A is
positive, for dz* orbital as the ground state gn = 2-0023 and > gx and
I A,, | < | AJL | and for dx*-y* orbital as the ground state g± > gtt and
| A,, | > | Ax |. Our results in Table I conform to the dz* orbital being the
ground state for Cr6* in CaW04.

The value of A/A can be found from Eq. (3) using the experimentally
determined g±. To determine K and P from Eqs. (4) and (5) one needs
to know the relative signs of An and A±. Since the relative signs are not
lcnown by experiment, we have two possible values for K and P:

P = — 2-05 x 10-3 and K = 0-774 if AH and Aj. have the same sign,
and P = — 2-91 X 10~3 and K = 0-442 if A,, and A± have the opposite
signs. For Cr53 with a nuclear magnetic moment of — 0-4735 8N, P is
expected to be negative and since K is positive A± should be positive.
However An can be of either sign. In Iron group K is found to lie bet-
ween +0-3 and + 0-917 which is found to be consistent with our two esti-
mates for K. From the value of P the estimates for (r'\v are 2-027 a.u.
and 2-577 a.u. for the two possible relative signs.

The quantity x defined by Abragam, Horowitz and Pryce18.1B as

*~1\*
is a measure of the polarization of the inner filled j-orbitals by the unpaired
electrons. This quantity has the possible two values for Cr5+ in CaWO4:
—2-37 a.u. for the same sign and —1-92 a.u. for opposite signs of AH

and A±.
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It is thus seen that our crystal field model explains the observed
^-values and hyperfine parameters for Cr5* in W site with dz* as the ground
state except for the following discrepancies: (i) The reduction in (r-*)av

from the extrapolated free ion value of 5 a.u. by a factor of about 2 and
a similar decrease in the magnitude of x from —2-5 to —2-7 observed in
other systems containing Cr5* ; 1 9 (ii) the observed gn is less than the free
electron value. The first deviation can be understood in terms of the orbital
reduction factor of Owen and Stevens,20 which leads to a decrease in
(r"3)fli; when covalency effects in terms of ligand field theory are consi-
dered. The decrease in x c&n be due to a small admixing of 4s-orbitals into
the 3dz* orbital21 in addition to the covalency effects. We have not attemp-
ted to make any calculations on the basis of the ligand field theory. The
deviation of gn from 2-0023 can be accounted for by taking into account
a small rhombic distortion and this point will be considered later.

DISCUSSION

1. Comparison with Other Ions in CaW0A

We shall compare our results on Cr5+ in CaWO4 with those obtained
on other ions in this crystal. A number of trivalent rare-earth ions22 and
S-state ions, like Mn23,4 Eu2+,23 and Gd3+4 have been investigated and in
all these cases the substitutional site was found to be Ca only, except for
Nd3+ which appears to be in both Ca and W sites.24* 25 Fe^+is found only
in the W site.26 Apparently, the mechanism of charge compensation for
Fe3+ in this crystal seems to be rather unusual and there is also a small
rhombic component observed in Fe3+ spectrum and this results in the non-
equivalence of W sites. Similar rhombic distortion has been observed for
W54"27 which has Sd1 configuration. This behaviour does not however appear
to be general.24 The paramagnetic resonance of Mo5+ with Ad1 configu-
ration has been observed in this crystal1 and the spin-Hamiltonian para-
meters of Mo5+ bear a close resemblance to our results. Presumably Mo5+

also enters W site and no rhombic distortion has been reported in this case
also. In CaWO4, Cr5+, Mo5*, W5+, which have 3d\ Ad1 and 5dl configura-
tions respectively/ resemble one another in their behaviour: gn > gx and
A,, < Ax. They all fall in the same class and the theory developed earlier for
Cr5* must be applicable to these systems and the difference found in the
spin-Hamiltonian parameters by Azarbayejani and Merlo1 for Mo5+ in CaWO4

when compared "to Mo5+ in other systems can be understood in terms of
our model. Table II compares our spin-HamiHocian parameters with
tJiQS? f<?r Mo 5 + and W6 + in CaW0 4 .



36 K. V. LlNGAM AND OTHERS

TABLE II

Spin-Hamiltonian parameters of Cr*+, Mo** and W*+' in CaWO4

Ion £u =ga gvgy An Aa, A,, Temp. Reference
(KHcmr1) (KHcmr1)

53,,.+ .

95MO.+ .

9 7 ^ .

183,.+ .

. 1

. 1

. 1

. 1

•988

•987

•987

•850

1-943

1-887

1-887

1-587
1-60

4

8

8

19

•39

•64

•05

23

41-

42-

53
66

18

52

4-

4-

4

4

2°

2°

>2C

•2'

K

K

K
5K

This paper

1

1

27

The isotropic hyperfine contact term, PK, arising from the polarization
of the inner ^-electrons by the unpaired spin in the /̂-orbital is listed along
withP,K and <r-3>au for Cr5* Mo5+ W5* in CaWO4 in Table III and
the free ion value for (r~3)av is also listed. The isotropic contact term
is known to decrease in magnitude with increase in covalency. The ex-
pected isotropic hyperfine contact term, PK, for Cr5* in solution, (AH +
2Aj)/3, is found to be 16-7 x lO"4cm."1, if we assume A,, and Ax have

TABLE III

Values of PK, P, K, ( ^ V ^ and <r-%£reeion for Cr*+, Mo*+
and W*+ in CaWO€

Ion

Cr*.

Moi

W -

PKxlO8

(cm.-1)

15-9
12-9

27-6
25-1

29-5
* 19-9

PX108

(cm.-1)

2-1
2-9

3-3
4-0

2-1
3-4

K

0-77
0-44

0-84
0-63

1-42
0-58

(a.u.)

2-0
2-9

2-8
3-3

••

/ . - 3 \ free ion
v / to

(a.u.)

5

5-8
• .

••

Reference

This paper

1

27

Note.—The two valuw. wherever given, ar* for the same and opposite signs of A
ectively ' • T- «i

'*
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the same sign and is reduced further for opposite signs. This indicates a
considerable reduction from the isotropic solution value of 18-5 x 10"4

cm.-1 in octahedral surroundings;28* 29 such reduction has been noted for
other ions in tetrahedral surroundings, e.g., ( M n F ^ i n CaWO4 shows a
considerable reduction when compared with octahedral surroundings.16

This seems to indicate larger covalency effects in tetrahedral co-ordination.
In Table III, (r-*)av also shows considerable reduction from free ion
values.

For Cr6* one can estimate the covalency effects by defining parameters
/ and m which are the coefficients of the metal rf-orbital in the ground (e)
and excited state (t£ respectively in the molecular orbital description. From
the reduction of <r-8)flt, from the free ion value of 3-51 a.u.29.30 and
from the £-shift one estimates: For the same sign of A± and A
/ a = 0 - 5 8 ; ma =0-85 and for the opposite signs of A± and A,,/2

= 0-82; TW 2 =0-6 with A in C r O ^ « 11000 cmr131 and the spin-
orbit coupling constant for Cr1+ ^ 222 cmr1. 30> 32 However the
argument that the e-orbitals are more localized than the t2 orbitals in
these systems33 favours the opposite signs for An and A± for Cr5+ in CaWO4.
The estimates for I2 and m2 should be taken as indicative of a trend rather
than as absolute determinations, in view of the nature of approximations.

2. Comparison with Cr5* and Isoelectronic Systems in Different Co-ordinations

Cr5* has been extensively studied in various co-ordinations and a com-
parison of our results with these confirms further the model we have chosen
for CF5* in CaWO4. These will be discussed under the following three cate-
gories: (a) Eightfold co-ordination, (b) Octahedral and (c) Tetrahedrql.

(a) Eightfold co-ordination.—-The only case of eightfold co-ordination
with Cr6* studied by ESR is KaCrOs34 where Cr6+ is in a dodecahedral site
and is surrounded by eight oxygens of four peroxide groups. Here ESR of Cr6*
can be seen at room temperature in contrast with a tetrahedral arrangement
where one has to lower the temperature for observing resonance. The
point symmetry at Cr1* site is D2<j and the ground state is known from
ESR studies to be Bi (dxy) in agreement with that predicted by Randic35

using a point charge model. In the isoelectronic Mo (CN)8
3~ and W (CN^3-

where the geometry of the ligands is that of an Archimidean antiprism,
Ai (dz*) is expected to be the ground state;36 the observed g-anisotropy and
the hyperfine anisotropy in ESR are similar to what is observed by us
for Cr*+ in CaW04. Pappalardo and Wood37 have theoretically predicted
that for an ion with fP configuration at the Ca site in CaW04, where w?
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have an eightfold co-ordination with S4 symmetry the ground state is a dz*
orbital and it is unlikely that a similar situation will obtain for a d1

configuration; this is in agreement with our consideration that Ca2+ is not
a probable substitutional site for Cr5f.

(b) Octahedral.—The isoelectronic vanadyl,30' 38 chromyl29 and molyb-
denyl38' 39 complexes have been extensively studied and these have distorted
octahedral surroundings. Hare, Bernal and Gray40 have examined the
case of d1 in these surroundings and predicted that B2 is the ground state
anc* gn <g± and An> A±, a behaviour that is followed invariably by vanadyl
complexes. Certain molybdenyl and chromyl complexes, however, have
ft < Si a n d A,, > A_L.29' 38 The discrepancy in the case of Mo5+ systems
from the prediction of Hare, Bernal and Gray40 has been attributed to a
larger spin-orbit coupling and covalency effects.38 Kon and Sharpless29

and Foglio41 have explained the reversal of g-anisotropy in Cr5* and Mo5+

in certain systems by considering contributions from excited states where
the excitation corresponds to an electron from one of the occupied bonding
orbitals being promoted to the B2 molecular orbital that is occupied by the
magnetic electron. These results on tetragonally distorted octahedral
systems show the importance of considering the hyperfine anisotropies in
arriving at the plausible ground state. In all these cases Au >AX in contrast
with what is observed for Cr5* in CaWO4.

(c) Tetrahedral co-ordination.—-There is a paucity of experimental data
for d1 in tetrahedral co-ordination. Carrington and co-workers31 have
investigated (MnO*)2~ in K2Cr04 and recently Greenblatt and McGarvey7

have studied CrO4
3" in chlorospodiosite, Ca2PO4Cl. The ESR of manganate

ion33 in K2CrO4 crystal confirmed the arguments of Ballhausen and Liehr42

that the unpaired electron should have the e-orbital as the ground state and
the analysis of the spin-Hamiltonian parameters assigns the ground state
to be mostly a dx*-y* orbital. Our results on Cr5+ in CaWO4 and that
of Greenblatt and McGarvey for CrO4

3" in Ca2PO4Cl7 are consistent with
the level scheme of Ballhausen and Liehr42 and the distortion of the tetra-
hedron is such as to make the dz* orbital the ground state. However in
both these cases gn is less than the predicted value of 2-0023 for such an
orbital; this deviation can be accounted for in terms of a rhombic distortion
which leads to an admixture between the </x*_y* and dz* states. Such an
admixture canrbe shown to lead to a gn less than 2-0023 and also a differ-
ence between gx and gy. However, the deviation between gx and gy is
expected to be small and it is believed that this deviation is within our
experimental errors, Jt is likely that the observed variation in line-widths
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on rotation about the c-axis may be partly due to a rhombic distortion.
These variations in line-widths could not be studied because of interference
from other resonances due to unwanted impurities in this crystal. It must
be noted that W5+ and Fe3+ show rhombic symmetry at W site of CaWO4.
The larger the spin-orbit coupling the greater will be the* deviation of gn

from 2-0023 and this can be seen from Table II if we compare gn of Cr5+

and W5+ in CaWO4.

3. Temperature Effects

As pointed out earlier the ESR spectrum of Cr5+ in CaW04 could be
observed only when the temperature was near that of liquid nitrogen. This
is true for other dl systems in distorted tetrahedral co-ordination.1* 7» 33»43

Even though d1 system in distorted tetrahedral co-ordination should be
similar to d* system in distorted octahedral co-ordination (e.g., Cu2+) where
resonances are observed at room temperature, the inability to observe
resonances for dl in tetrahedral co-ordination at room temperature is not
understood. However, this supports the assignment of our spectrum to
Cr6*^1) in a tetrahedral site (W site) in CaWO4.

CONCLUSIONS

The observed ESR spectrum in chromium doped CaW04 crystals is
attributed to Cr5* ion in the substitutional site of W on the basis of collective
evidence. A simple point charge model calculation for a compressed tetra-
hedron was used to explain the general features of g-anisotropy and hyperfine
anisotropy. It was pointed out that the discrepancies noticed by Azarbaye-
jani and Merlo1 in the g and hyperfine anisotropies for CaWO4 : Mo5+ as
compared with other surroundings can be understood in terms of the above
model.

The results also showed, without doubt, that in CaWO4. Cr5+ the un-
pairecl electron is on the e-orbital and is largely concentrated in 3dZ2 orbital
on the central metal atom, in agreement with the theoretical predictions of
Ballhausen and Gray44 that the compressed tetrahedron is the stable con-
figuration when covalency is present. A similar situation is obtained in
Ca2PO4Cl.7 However, in the only other d1 system in tetrahedral surround-
ings, MnO4

a- in K2CrO4, the ground state is found to be predominantly
dx*-y* type of orbital corresponding to an elongated tetrahedron. CaWO4

crystal is of particular interest because in the isoelectronic series 3d\ 4d\
5dl systems all these ions prefer to enter the compressed tetrahedral site
of W in accordance with theory.
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ABSTRACT

A distinct influence of temperature has been indicated on the colour
intensities of the reduced silicomolybdate solution confronted in the
estimation of silicon in ferrous materials by the BISRA Methods of Analysis
Committee procedure. This influence has been successfully overcome by
employing ascorbic acid as a reducing agent in place of stannous chloride
and hence the former reagent commends itself for adoption in the above
procedure.

INTRODUCTION

IT is fairly well known that temperature has a significant influence on the
colour intensities confronted in the photometric determination of silicon.
The earlier investigations on the influence of temperature by Thompson
and Houlton,1 Stumm2 and Hill3 on the measurement of yellow silicomolyb-
date andStraub and Grabowski4 and BISRA Methods of Analysis Committee5

on the measurement of the molybdenum blue complex are upto 30° C. and
practically no influence has been indicated. Milton,6 Greenfield7 and
Murty and Sen8'9 noted a gradual decrease in the intensity of the molyb-
denum blue colour at higher temperature, when stannous chloride has
been used as a reducing agent. It has been established by the investi-
gations10'11 from our laboratories that the colour intensities involved with
pure silicate solutions in different procedures are very much governed by
temperature. The extent of the influence depends largely on the nature
of the acid medium and the reducing agent employed. Ascorbic acid has
been successfully employed in all the procedures to overcome the influence
of temperature. Studies12 on the influence of temperature on the colori-
metric determination of silicon in cast iron13 indicated that the colour
intensities decreased when stannous chloride is used and increased when
42
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ascorbic acid is used, the former being more pronounced. However, a 3%
ascorbic acid solution containing 0-1% stannous chloride takes care of the
influence of temperature to a significant extent.

In the present investigation, the feasibility of adopting the procedure
of BISRA Methods of Analysis Committee (he. cit.) in tropical countries
has been examined.

EXPERIMENTAL

Spekker photoelectric absorptiometer of Messrs. Hilger and Watts
using tungsten lamp as light source, Kodak Filter No. 8 (680 mp) 1/2 cm.
cells and a water setting of 1-30 had been employed for measuring the
colour intensities. Gallenkamp thermostatic water-bath has been used for
properly controlling the temperature of the solutions.

Solutions with various silicon contents (600 ^g., 400pg.9 300 ng., 200 pg.9
100/xg., and 40/xg.) were taken, the colour and blank solutions developed
at various temperatures (20° G, 25° C, 30° C, 35° C, 40° C. and 45° C.) and
the colour intensities measured at respective temperatures at different time
intervals after the addition of the reducing agent. The results are presented
in Table I.

An examination of the results indicates that there is a marked influ-
ence of temperature on the colour intensities involved, the effect being more
pronounced at higher temperatures. The influence is not significant right
from the beginning at all concentrations of silicon at different temperatures
but only after a certain time interval. This time interval is progressively
shortened with increase of temperature and the silicon content.

It may, therefore, be concluded that the procedure cannot be adopted
at all the prevailing room temperatures in the tropics, unless the laboratories
are maintained at low temperature by air-conditioning them. Hence, it is
considered desirable to explore the possibilities of appropriate modifications
in the procedure to overcome the influence of temperature.

Ascorbic acid, which is a comparatively new reducing agent in the
determination of silicon14"17 in ferrous and non-ferrous materials has shown
considerable promise in our laboratories {Joe. cit.) in enabling the colour
intensities independent of temperature. So 10 ml. of 5% ascorbic acid
solution has been used in place of 1 -2% stannous chloride and similar
experiments to those using the latter were conducted. The results are
presented in Table II.



TABLE I

Influence of temperature on the photometric determination of silicon {Reducing agent: Stannous chlon'de).
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•375

•185

•078

1

0

0

0

&

o

45

120

•745

•510

•360

•ISO

•075

1

0

0

0

0

0

20

•186

•798

• 588

•308

• 198

»O80

!•

0-

fi-

ll-

0-

0-

6

180

792

583

393

100

080

M) minutes

30

1-

0-

0

0

0

0

160

772

568

82

•190

•078

35

1-

0-

0-

0-

0-

u-

128

758

555

375

188

078

40

1-098

0-725

0-530

0-358

0-178

0-072

46

1-

0-

0*

0-

0-

()•

070

698

602

338

168

070

.Silicon /
content /
in.)/

/ Temp.
/ C°C.)

600

400

300

200

100

40

20

1-186

0-796

0*58fi

0-396

0-196

0-080

25

1-168

0-782

0-575

0-388

0*192

0-078

ii

J

1-

0

0

0

0

0-

! minutes

JO

122

•745

548

•370

I£2

078

I.

n

0

35

092

•730

•535

0-362

0

0

•178

075

l

1-

0

0

Drum difference

10

052

>688

505

0-33S

a

0

•168

070

1-

0

0

0

0

0

45

010

'650

•470

.318

•157

•065

20

1-

0

0

0

0

0

185

795

585

395

196

080

25

I-

0

0

0

0

0

lflB

772

•568

•3S2

-188

•077

60 minutes

30

1-080

0-72O

0-520

0-358

0-175

0-075

35

1-

0

0

0

0

0

050

700

512

348

168

072

1

0

0

0

u

II

10

•014

•GGO

•480

•320

•158

•067

45

0*975

0*622

0-444

0-300

0-148

O-062

Cfl

I

All the above temperauires are within ±1°C.
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TABLE II

Influence of temperature on the photometric determination of silicon
{Reducing agent : Ascorbic acid)

Drum difference
Silicon
content 15 minutes 60 minutes
(fig.) 20±l°C. 45±1°C. 20±l°C. 45±1°C.

600

400

300

200

100

40

0-890

0-593

0-443

0-298

0 153

0 063

0-892

0-593

0-442

0-298

0154

0065

0-890

0-593

0-443

0-298

0-153

0063 L

0-894

0-594

0-443

0-298

0154

t 0 065

An examination of the results shows that the colour intensities involved
are uninfluenced by temperature and time interval and hence ascorbic acid
commends itself for adoption in tropical countries in the procedure under
consideration. However, the above reagent suffers from the disadvantage
of only 0«75 times as senritive as stannous chloride. Work has, therefore,
been taken in hand to overcome the above drawback.
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ABSTRACT

The kinetics of the reaction of diols with various hydrogen halides
is discussed. The reaction involves neighbouring group participation
as postulated earlier, the rate of substitution being faster for a heavier
nucleophile. The reactions are inert in aqueous systems as the X" nucleo-
philicity becomes negligible as compared to the nucleophilicity of water.
At and above 7*5 per cent, water these reactions do not occur. Varia-
tion of dielectric constant also notably affects the process.

INTRODUCTION

IN our previous communication1 we reported the kinetics of this reaction with
HBr and postulated that this reaction involves anchimeric assistance by the
Hydrdxyl group. It was found worthwhile to study the action of other
hydrogen halides on diols. We report here certain interesting features of
this reaction.

EXPERIMENTAL

Materials.—All the substrates used were obtained from Fluka and
checked for purity by the usual procedure. The hydrogen halides used were
freshly distilled azeotropic mixtures. The solvent, glacial acetic acid, was
purified by the usual procedure and redistilled before use.

Kinetic method.—The kinetics were followed by the procedure de-
scribed earlier.1

RESULTS AND DISCUSSION

The second order rate constants are summarized in Tables I and II.
A » " W \9 thew tables shQWJ that the reaction is fastest with hydriodic

47
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acid and slowest with hydrochloric acid. The rate constants of first dis-
placement only are computed for ethylene glycol, propylene glycol and 1: 3
butane diol, as the reaction is very sluggish after first substitution. Frost-
Schwemer treatment2 could not be applied as the timtfratios were very high.
With 1:4 butane diol the rate constants of both the steps have been com-
puted using Frost-Schwemer method, in the case of HC1 and HBr only.
In the case of HI the reaction virtually stopped after the first displacement
and hence the rate constant of the first displacement alone is reported.

TABLE I

Second order rate constants (/. moles'1 minr1) of first displacement in diols
in glacial acetic acid at 80° C.

Ethylene glycol

Propylene glycol

1: 3 Butane diol

Ethylene glycol
Propylene glycol
1: 3 Butane diol

Ethylene glycol

Propylene glycol

1:3 Butane diol

• •

•

• •

• •

HC1

Concentration of

diol

0-0525 M

0-04986 M

0-04991 M

HC1*

0-0518 M

0-0558 M

0-0499 M

HBr

Concentration of

diol

0-04718 M
0-05645 M
0-03265 M

HBr

0-05845 M
0-05770 M
0-06465 M

HI

Concentration of

diol

0-02634 M

002556 M

002588 M

HI

0-05460 M

0-05415 M

0-05370 M

K

1 0 6

0-912

0-0238

K

5-93
2-35
0-2101

12-18

4-24

0-678
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TABLE II

Second order rate constants (103xfc1/. moles"1 minr1) of both the steps
in 1:4 butane diol in glacial acetic ccid at 80° C.

HCl

HBr

HI

0-

0-

0-

Concentration

diol

02529 M

02996 M

02646 M

of

Hydrogen

0

0-

0-

05050

05955

05320

halide

M

M

M

kx

4-

10-

42-

95

6

1

1-3

1-97

Very slow

The question of reversible hydrolysis does not arise as halide solvolysis
is very slow in a low dielectric medium like glacial acetic acid. The Grun-
wald-Winstein Y-value for acetic acid is — 1-64 and the relative rate of
hydrolysis in glacial acetic acid is oftly 0-023 as compared to the Y-value for
water, + 3 - 5 6 and the relative rate, 3,650.

The results can be rationalised thus: As these are bimolecular substi-
tutions the rate process is dependent upon the nature of the nucleophile.
It is suggested that the heavier members are more nucleophilic largely because
their atoms are more polarizable. It looks as if the polarizability phenomenon
is only one of the factors for the higher reactivity of the heavier nucleophiles.
During the activation process the solvation cage of the attacking nucleophile
must be disrupted and a new * cage' be formed around the activated com-
plex. As the solvation energies of ions increase as their charge to size ratios
increase, it requires more energy to desolvate a smaller ion than a larger one
having the same charge. Hence small attacking groups exhibit lower nucleo-
philicity as there is difficulty in removing the molecules of the solvent from
the attacking site. The ionisation potential and its solvation energy are the
most important factors which are responsible for the relative order observed
in the reaction, I - > B r - > C l ~ . 3

There is no complication of esterification in these reactions as hydrogen
halides seem to function better as nucleophilic agents than as mere catalysts
for esterification. This is quite evident from the rate constants for th§
respective processes with respect to methanol,
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k 1.moles-1 seer1

Esterification4 .. 6 • 6 x 10~6

Substitution .. 1-SSxlOr*

Under our experimental conditions even this remote possibility is ruled
out as the concentration of alcohols is very low unlike the larger quantities
used in synthetic processes.

Another important feature that requires explanation is the relative slow-
ness of the second step with HI in the case of 1:4 butane diol. Table III
shows that the size of the halogen atom that is present in the molecule
after the first displacement seems to be important. The steric repulsion
seems to be the highest with I~ and least with Cl~, quite in consonance
with their sizes.

TABLE III

kjkt ratios of 1:4 butane diol with hydrogen halides

HC1 HBr HI

kjk2 3-8 5-4 ..

Effect of Addition of Water

It is very interesting that HBr reaction does not take place beyond 7*5
per cent, water. As the system is becoming aqueous the Br- does not function
as an effective nucleophile and there seems to be a competition between H2O
and Br~ and hence there is no reaction as shown in Table IV. The same
effect of water has been reported by us earlier in the reaction of HBr with
esters.5 A plot of log k vs. mole fraction of water shows that the reaction
stops at mole fraction of water 0-206 (7-55 per cent, water).

Variation of Dielectric Constant

Addition of benzene.—\X is interesting to observe that increase in content
of hydrocarbon solvent like benzene is accelerating the rate with all the diols
(Table V). A plot of log k vs. 1/D in all the cases shows fair linearity.
Decrease of dielectric constant favouring the reaction is alsp similar to what

observed with ester cleavages with HBr5
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TABLE IV

Second order rate constants (kt I. moles'1 minr1) for ethylene glycol with
HBr at 80° C. in acetic acid-water mixtures

Mole
Solvent fraction kx

of water

100% acetic acid . . 0 5-93

97-5% acetic acid-2-5% water
(v/v) 00753 1-0

95% acetic acid-5% water (v/v) 0• 1432 0-06

92-5% acetic acid-7-5% water
(v/v) .. 0-205 No reaction

TABLE V

Second order rate constants (/. moles"1 minr1) for diols with HBr at 80° C
in acetic acid-benzene mixtures (v/v)

100%AcOH 10%benzene 20% benzene
90%AcOH 80%AcOH

Ethylene glycol .. 5-93 8-27 10-91

Propylene glycol .. 2-35 5-33 8-05

1: 3 Butane diol .. 0-2101 1 -00 1 -47

1:4 Butane diol*.. 0-0106 00138 0-0184

•First displacement.

Addition of for mamide.—The reaction does not take place even at 2-5%
of formamide and 97-5% of acetic acid (v/v). This observation along with
the observation that the reaction does not take place with 7-5% water and
92-5% acetic acid (v/v) deserves comment. It appears that even small
percentages of liquids of high dielectric constant are totally suppressing
the nucleophilicity of X- thus stopping the reaction.
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Mechanism

We postulated that in these reactions there is neighbouring participation
by the hydroxyl group leading to acceleration as evident from the rates of
the first displacement. Progressively there is a decrease in the rate of first
displacement as the position of OH's is varied. It was postulated that the
reaction is composed of two factors: (1) the OH displacing the OH2

+ forming
the epoxide and (2) a relative fast cleavage of the epoxide by the nudeophile.
It is evident from the activity of the nucleophiles—I, Br and Cl—that the
second factor also is important in addition to the first one. It is not incom-
patible with the mechanism postulated that both the factors are important
as similar observations have been made in elimination reactions, especially
Ex. It is seen E± is composed of two steps.6

slow
H C R 2 - C R 2 - X • H C R 2 - C R 2 + + X- (1)

fast
H C R 2 - C R 2 + > H+ + CR2 = CR2 (2)

Apparently though the rate-determining step is the first one the second
factor is also taken into consideration for determining the overall rate of
production of olefin. Similar reasoning is enough to explain the relative
activity of the nudeophile though they are participating in a relatively fast
step as compared to the step of epoxide formation.
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ABSTRACT

Electron spin resonance studies on powdered samples of CaS: Mn2+

and SrS: Mn2+ at 300° and 77° K reveal the usual six-line hyperfine struc-
ture due to Mn55. CaS: Mn2+ exhibits additional fine structure satellites
which have been analysed on the basis of a near zero cubic field splitting.

INTRODUCTION

IN the course of luminescence studies by one of the authors (V. G. M.)> of
CaS and SrS phosphors activated with Bi, Th, etc., the optical spectra
recorded on Steinheil (model GH Universal) Raman Spectrograph, showed
the presence of an unaccounted band at 581 m/x. apart from the bands attri-
buted to the activators. It was suggested1 that the unaccounted band may
be due to Mn present in the samples as unwanted impurity. To verify the
presence of Mn if present in the divalent state, electron spin resonance of
the samples in powder form were examined. All the samples showed the
presence of Mn2+ impurity. However, the CaS : Mn2+ samples showed
a well-resolved satellite structure. Even though the ESR of CaS : Mn2+ has
been known2 the observation of these satellites has not been reported.
Similar satellites have been observed in SrS : Mn2+ by Manenkov and
Prokhorov3 but our sample of SrS : Mn2+ did not reveal such a structure.

In order that the resonance may be seen directly in powder samples
it is essential that the spectrum should be nearly isotropic. In cubic sym-
metry one expects for Mn2f, both g-tensor and A-tensor to be isotropic to
a high degree. The fine structure being anisotropic gets broadened out
and one usually sees only the nearly isotropic 1/2 —> —1/2 transitions in
powder. Both CaS and SrS have simple (NaCl type) cubic structure and

* Solid State Physics Laboratory, Saugar University, Sagar.
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Mn2+ at the substitutional sites of Ca or Sr experiences an octahedral cubic
field. Our analysis shows that CaS : Mn2+ represents an interesting system
where the cubic field splitting of Mn2+ is zero or negligibly small. The
effects of other impurities like Bi and Th on the ESR spectra of CaS : Mn2^
have also been examined.

EXPERIMENTAL

Preparation of the samples.—-The method followed for the prepa.
ration of CaS and SrS phosphors is due to Bhawalkar.4 To prepare CaS
a purified form of CaSO4. 2HaO obtained from gypsum ore was mixed
with carbon and fired in a pair of graphite crucibles for two hours at
900° ± 10° C. in a Herau Muffle furnace. For phosphors, required amounts
of flux (hypo) and activator were added to the charge before firing. SrS
samples were made by exactly similar method from purified SrSO4 obtained
from celestite ore.

ESR measurements.—The ESR spectra were recorded at 300° K and
77° K on an X-band superheterodyne spectrometer using 80 cps. field modu-
lation.5 The magnetic field was measured on the Varian Fieldial magnet
power supply. The readings are accurate to within one gauss when checked
against proton measurements. DPPH was used as *gy value marker.

ESR data.—CaS:Mn2+ gave the expected hyperfine structure due to
Mn55 with I = 5/2. However, each hyperfine component except the fourth
in order of increasing field exhibits satellite structure whose generahfeatures
can be seen from Fig. 1 which shows the spectrum recorded at room
temperature. The maximum width of the satellites (separation between
points of extreme slope) is around 2-3 G while the central line is about 1G
wide.

When impurities mentioned earlier were present in CaS : Mn2+, it was
found that the lines get narrowed, 0 6 G being a typical value for' CaS •
Mn2+ with Bi. As the temperature is lowered the width further decreases"
For example, at 77° K. the measured width for the central line of each srouo
in samples containing Bi is less than 0-5 G.

This spectrum could arise if the cubic field splitting parameter 'a' is
zero or negligibly small compared to other terms in the spin Hamiltonian
The Hamiltonian can then be written as :

""" +AI.S (1)
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FIG. 1. Derivative of the ESR spectrum of CaS : Mn'+ at room temperature.

with S = 5/2 and I = 5/2. From perturbation theory carried upto third

order, taking gB H.S. as the largest term the energy levels are given by8

EMm = gpHM + A Mm + ^j Pd + 1) M - S(S + l)m

+ Mm (M - m)] + [S(S + 1) m(2m - M)

+ I (I + 1) M (2M - m) + Mm (M« + m% - 3Mm + 1)

- S ( S + 1)I(J + 1)] (2)

From Bum the resonance fields for the allowed transitions M, w>-*M—1,
m at fixed frequency v are given by:

H = Ho - Am - 4 £ [1(1 + 1)"+ m(2M - m - 1)]

[(4M - 2) {I (I + 1) -*»"} -m {S (S + 1)

- 3M (M - 1) - 2}] (3)

where Ho = hvlgfi and A is now expressed in gauss. The nuclear quantum
pumber m takes 21 + 1 values from +1 to — I, Similarly, M ranges from
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+ S to — S. Thus the spectrum consists of 21 + 1 hyperfine components
each of which is split into 2S fine structure components by the terms in
A2 and A8. In Table I the measured and calculated line positions are com-
pared. A. A. Manenkov and A. M. Prokhorov,3 who have observed similar
satellite structure in their samples of SrS : Mn2+, have analysed the spectrum
similarly and estimated an upper limit of 1-4 x lO^cmr1 for V from the
anisotropic line width of the satellites. Our samples of SrS : Mn2+ gave a
simple 6-line spectrum with no satellite structure. The width of the lines
is about 2-6G. Table II gives the 'g' and 'A' values for the two cases.

DISCUSSION

From the comparison given in Table I it can be seen that the agree-
ment between the observed and calculated field positions is very good. The
calculated splittings for the fourth line (m = 1/2 assuming A<0) is within
one gauss and as expected only one line without structure is observed.
The intensity ratio among the satellites seems to follow the theoretical ratio
of 5 : 8 : 9 : 8 : 5 .

When V is negligibly small the second order contribution to the line
widths of the 1/2 -> — 1/2 transition is correspondingly small and one
expects narrow lines. This is in fact verified from the experimental obser-
vations. However, tfye line widths of the satellites are found to be larger
than the central lines. In the case of SrS : Mn2+ studied by Manenkov and
Prokhorov8 the broadening of the satellites was assumed to be due to the
finite value of the cubic field splitting parameter. This gives rise to broaden-
ing of the fine structure satellites in a powder because of the anisotropy.
Under such circumstances one expects the line width of the satellites to be
temperature independent provided the cubic field splitting is also tempera-
ture-independent. But our experiments show that the line widths of the
satellities are smaller at lower temperature. In this context it is interesting
to notice that even in the single crystals the line widths of the satellites are
broader than the central lines for MgO : V2+.6 This was attributed to the
impurities far from the ion which produce crystalline fields of lower sym-
metry. It appears that the satellite line widths could come from all the
factors mentioned above and hence we feel that we cannot estimate an
upper value for V just from consideration of satellite line widths.

The decrease in line widths in the case of samples doped with the men-
d impurities is not understood*
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It is interesting to note that the SrS : Mn2+ samples we studied, did
not show any satellite structure and previous workers2 do not report such
structure in their samples of CaS : Mn*+. So, it appears that in both these
lattices the value of V can be very small and under suitable conditions parti-
cularly depending on the manner in which they are prepared, they show the
satellite structure.

TABLE I

Observed and calculated transitions (M, m->M — 1, m) of CaS : Mn2+ (Gauss)

v-\
- 3 / 2

- 1 / 2

1/2

3/2

5/2

- 5 / 2

Obs.

3178*1

3181-5

3186*5

3191-5

3196*5

Calc.

3176*1

3181-6

3186-8

3191*7

319G-2

- 8 / 2

Obs.

3255*1

3259-1

3263-0

3266*7

3270-0

Calc.

3256*0

3259-8

3263*4

3266-7

3269*0

- 1 / 2

Obs.

..

3339*9

3341-7

3342-7

• •

Calc.

3338*2

3340-5

3341-8

3343*5

3345*1

+1/2

Obs.

• •

3422*2

• •

• •

Calc.

3421*9

3422*0

3422-2

3422*4

3422*7

+3/2

Obs.

• •

3502*7

3504*9

3507*3

• *

Calc.

3500*3

3502*3

3504*4

3506*8

3509*4

+5/2

Obs.

3580-5

3584*6

3588-9

3593*9

3599*4

Calc.

3580*2

3584*3

3588*6

3593*4

3598*4

•

g

Ax 10* cm."1

g and

CaS

2-0014

2-0018

. .

75-3

76-8

• •

TABLE II

A values of 1

Host

SrS

2-0008

2-0015

2-0009

74-8

76-8

75-4

- Reference

This work

(2)

(3)
This work

(2)
(3)
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ABSTRACT

An investigation has been made into the two-dimensional laminar in-
compressible boundary layer along the initial length of a semi-infinite
flat plate at zero incidence with homogeneous suction. The momentum
and the kinetic energy integral equations have been numerically integrated

* with the aid of a singly infinite system of boundary layer velocity profiles.

The results obtained are well in agreement with the known exact
solution and the process of integration is simpler to be carried out by the
use of a monoparametric family of velocity profiles. The method can be
used to investigate the boundary layer along a flat plate with arbitrary
suction starting either at the leading edge or at some point downstream.

I. INTRODUCTION

FOR calculating two-dimensional laminar boundary layer with suction
H. Schlichting1 evolved a method based on the application of the momentum
integral equation. The method can be used only for the cases in which the
momentum thickness always increases and by the aid of this the position
of the separation point cannot be reliably calculated. The method is not
suitable for dealing with a casein which

Such a case is possible if suction does not begin at the leading edge but a
definite place downstream to such an extent that the initial value of

59
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T. P. Torda2 developed K. Pohlhausen's approximation method to
suit.to the problems with suction. In the special case of a problem without
suction and without pressure gradient Torda's velocity formulation cannot
be used in a certain domain where

v dx

K. Wieghardt3 used the momentum theorem and the energy principle
with the velocity formulation of Schlichting to calculate the variation of
the parameter H = 8*/0 and determined the optimal suction required to
keep the boundary layer laminar at greater Reynolds numbers. E. Truck-
enbodt4 made a numerical estimate of the function in the momentum
integral equation and obtained a simplified momentum equation for the calcu-
lation of two-dimensional and rotationally symmetric boundary layers with
suction. The numerical coefficients were specially chosen to represent the
exact value of / at the leading edge and the exact asymptotic value for a
flat plate with homogeneous suction. The approximation may not prove
very satisfactory in the general case of boundary layers with pressure gradient
and suction. Moreover, in such general cases the simplified momentum
equation of E. Truckenbodt would be solved by a finite difference method
and the labour involved will not be much less than that required for solving
the full momentum equation with the satisfaction of the wall compatibility
condition.

A. Walz5 used a method based on the satisfaction of the momentum
and energy theorems for solid boundary problems and suggested that it
should be more important to satisfy the energy equation than the wall
compatibility equation.

M. R. Head6 made a joint use of the momentum and the energy equa-
tions along with a doubly infinite family of boundary layer velocity profiles
and evolved a method of solution with the aid of charts showing the courses
of boundary layer characteristics.

In this paper a numerical step-by-step solution of the momentum
integral equation ard the kinetic energy integral equation has been obtained
for the boundary layer along a flat plate with uniform suction using the
singly infinite system of boundary layer velocity profiles given by H. Schlich-
ting.1 Because of the singularity of the energy equation at the leading
edgfe the momentum equation only has been solved over a short distance
with the satisfaction of the wall compatibility condition. The results have
been compared with the exact solution of R. Iglisch7 and the approximate
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solution of E. Truckenbodt.4 The results are in close agreement with the
exact solution of R. Iglisch and the process of numerical integration
becomes simpler than that evolved by M. R. Head6 with the use of a mono-
parametrie velocity formulation.

2. SYMBOLS

The symbols are conventional and most of them are those used by
M. R. Head.6

x Distance along the plate.

y Distance normal to the plate.

Uo Free stream velocity.

U Velocity at the edge of boundary layer.

u Velocity in the boundary layer in x direction.

v Velocity in the boundary layer in y direction.

v8 Velocity at the surface of the plate in y direction.

/* Viscosity.

p Density.

v = £ Kinematic viscosity.

c = Representative length.

X

8 = Boundary layer thickness.

oo

S* = i(l — Ti)4y> Displacement thickness.

c

U

0

OO

y( 1 — Tj)dy> Momentum thickness.
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oo

e "" J D L1 ~ (u)*] dy' Ener8y thickness.

D = J (u)" (^)><f (?) Dissipation integral.

V

u

U

V

UoV *

T0 (JC) ^= /* ( ^J) local shearing stress at the wall

K =s profile parameter.

/, g = functions as in equations. ^ a n d ~>
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3. EQUATIONS6

For two-dimensional steady laminar incompressible boundary layers with
suction the momentum integral equation is

(1)

The energy integral equation in a form giving directly the variation of H,is

A} + A] (2)

and the wall compatibility condition is

m = -A + l\ (3)

4. FAMILY OF VELOCITY PROFILES

The one parameter family of velocity profiles given by H. SchHchting1

for the approximate calculation of boundary layers with suction is

g 3 ^ (4)

where

and 8 (*) is a measure of the local boundary layer thickness. For this system
of velocity profiles

8*
•j = 1 - 0901 K

| = 5 + 0666 K- 0236 K*

*- -8333+ '1575K- -0417K"~ -00?$£
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1 - -090.1 K
•5+ 0666 K- 0236 K8

xi _ « _ '8333 + -1575K- -0417IK2- 0025K3

"• ~ 6 - 5 + -0666 + -0236K2

/ = (-5 + -0666 K - 0236 K8) (1 + -4764 K)

D = ( -5+ -0666K- -0236K2)(-5+ -1567K+ 0679K8)

The variations of 0/8, H, He, /, and D against K are shown in Table I.

The compatibility condition (3) takes the form

8" _ 8 A - 1

(5)

TABLE I

Boundary layer characteristics for various values of the parameter K of
Schlichting's profiles (Eqn. 4)

K

+0-0
- 0 1
-0-2
-0-3
-0-4
-0.-5
-0-6
-0-7
-0-8
-0-9
- 1 0
-1-1
-1-2
-1-3
-1-4
-1-5
-1-6
-1-7
-1-8
-1-9
-2 0
-2-099

0/8

•500
•493
•486
•478
•470
•461
•451
•442
•432
•421
•410
•398
•386
•373
•360
•347
•333
•319
•304
•288
•272
•256

H«

1-667
1-657
1-647
1-637
1-627
1-616
1-604
1-592
1-580
1-567
1-553
1-539
1-524
1-509
1-493
1-475
1-456
1-436
1-414
1-390
1-364
1-336

H

2-000
2-046
2-096
2 149
2-206
2-268
2-335
2-406
2-484
2-568
2-660
2-761
2-870
2-991
3-124
3-271
3-436
3-619
3-828
4-063
4-333
4-642

/

•500
•470
•440
•410
•380
•351
•322
•294
•267
•241
•215
•189
•165
•142
•120
•099
•079
•061
•043
•027
•013
•000

D

•250
•239
•229
•219
•210
•202
•194
•187
•180
•174
•168
•163
•153
•153
•149
•145
•141
•137
•133
•129
•125
•120

(Separation)
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5. SEMI-INFINITE FLAT PLATE WITH HOMOGENEOUS SUCTION

For laminar boundary layer over the initial length of a flat plate with
uniform suction we have

U (x) = Uo, free stream velocity

i.e.,

A = vt /**

The momentum and energy equations (1) and (2) and the compatibility
condition (5) become,

where

/ (K, t*, *,) = 2 (/ + A) = 2 (/ + ©, *•*) (6)

where

g (K, /*, S8) = ^ [2 D - H. {/ + A} + A]

= ^ [2D - H. {/ + v8 /•*} + vs t**} (7)

and

k ! *=O (8)

6. SIMPLE APPROXIMATION METHOD OF E. TRUCKENBODT

With the aid of the curves (Ref. 1) E. Truckenbodt4 has made an
approximation and suggested a simplified momentum equation, for two-
dimensional boundary layers with suction as

- 4 4 1 - 6 / 1 + -882A
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For flow along a porous flat plate this reduces to

- - 4 4 1 + . 8 8 2 * . / * ( 1 0 )

It appears the numerical coefficients have been chosen to reproduce exactly
the two cases of A = 0 (no suction) and A = - 0 - 5 (asymptotic suction
profile). Equation (10) has been directly integrated to give

•882 xva* = 2vs t** - log (1 + 2vs ***)

The variation of /* against x for % = - 1 -0 (Eqn. 11) has been shown as
curve (c) in Fig. 1. The approximation to the exact solution is not seen
to be very satisfactory.

7. Two PARAMETER METHOD OF M. R. HEAD

M. R. Head6 constructed a doubly infinite family of velocity profiles
and evolved a method of calculation based on the satisfaction of momentum
and energy equations with the aid of graphs and charts drawn for the charac-
teristic quantities. Exact Blasius values of / = 0-221, « = 0 were bor
rowed as the initial values at the leading edge of the plate for step-by-steD
calculation of the boundary layer with suction. The asymptotic values
were found to be 7 = 0-512, ro = 0-263 instead of the exact asymptotic
values 0-50 and 0-25 respectively. While comparing his results for a flat
plate with uniform suction with the exact solution of R. Iglisch he observed
discrepancies in the exact and the approximate values of vs 6/v and v 81
which were attributed to the moderate degree of accuracy with which T\*»1A
H« had been determined. U a n d

8. PRESENT ONE PARAMETER METHOD

8.1. Solution of Momentum and Energy Equations

At the leading edge of the plate (x = 0) the momentum thickness is
zero and the form parameter K is obtained from the compatibility condi
tion (8). For aU values of the suction velocity the initial values are

A - 0
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K = — 1, from equation (8)

/ = -215

H e = 1-553

D = -168 from Table I

The step-by-step numerical calculation by Runge-Kutta8 method is started
at the leading edge of the plate.

The energy Equation (7) exhibits singularity at the leading edge. For
a short distance from the leading edge the momentum Equation (6) only
is solved with the satisfaction of the compatibility condition (8) for any
fixed value of vs. A'* is computed and then /* is known at the end of the
step. Solution of Equation (8) gives K and the values of /, H€, D, and H
are read against K from Table I.

Over the next steps now the momentum and the energy equations are
solved by Runge-Kutta method for the integration of two simultaneous
differential equations. Because of the smallness of t* occurring in the
denominator of the energy equation the step lengths are taken very small
at the start.

As Runge-Kutta method is too laborious the momentum and the
energy equations are integrated further downstream by Adam's9 method.
Having obtained the values at five initial points by Runge-Kutta method
repeated ascending differences up to the fourth are computed for the func-
tions / and g and the increments in t* and He over the next step length
A x are calculated by a quadrature formula.

At the next station t* and He become known, vs is kept constant, /, H,
D are read against He from Table I and the functions /, g are calculated.
The differences at the next point are computed and the calculation proceeds
step-by-step.

When A t* and A He become very small for any step-length the step-
length A x is doubled. A fresh difference Table is constructed with the
values at five preceding points at an interval of doubled step-length and
the calculation is carried on.
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The asymptotic state for homogeneous suction is reached when

dx

The functions / and g both vanish when A = -0 -50 and K = 0. Hence
the asymptotic state values are

and

K = 0 ,

i.e.,

He = 1-667

H = 2

/ = -50

D = -25

Table I.

the values are in agreement with those for the known asymptotic suction
profile.

8.2. Comparison with the Exact Solution of R. Iglisch

R. Iglisch7 carried out a detailed investigation into the flow in the
initial length and found that the asymptotic state is reached after a
of about .

For the known asymptotic suction profile

—°* (13)
Therefore, for % = - 1, - 1-5, - 2 the initial lengths would be about
x = 4 , 1-78, 1 (Eqn. 12) and the asymptotic values of ** are 0-25 0 in
•0625 (Eqn. .13) respectively. * l l l f

The momentum and the energy equations have been solved for 5 = — l
— 1-5, —2 and the values of t* have been found to be /* = -228 -102'
•058 at j c = 4 , 1-80, 1 respectively.

The curves of **, / and H, against x have been plotted in Figs. 3 to 5.
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A comparison of the values of t* and H for vs = — 1*0 obtained
by various methods has been made in Figs. 1 and 2. The course of /*
for *s = — 1 obtained by the present method is represented as curve (a) in
Fig. 1 and is found to be very close to the curve (b) representing the exact
solution of Iglisch.

• »

• « *

ICJ

tr MtmKTvM AND t
£aaK HITH SCHuntTIHl

ttJlXXT SOLUTION Cf X tfltSCK*
(& SIMPLE /tpfftavtAr/tw mn»p w ff

lit SOLUTm Of HOMfJff&M lit/ATIM MM

A-*

. 1. Boundary layer along the initial length of a flat ."plate at zero incidence with
homogeneous suction. Curves of /• against x ft>r v» = —1-0.

Olt KtMUtan sfrcttTm c? umatfitH up uExtf
cmrms HIT* smtctr/ivs pter>u$.

tUHXACf setBTiQM o? x teusc*7

tomtrrm or mwptrM emr/QH Mt&mrmirr
Ktn satuctrws mftus.

FfG. 2. Boundary Jayer along the initial length of a flat plate at zero incident* with
homogeneous suction. Curves of H against x for u, = — 1 -0.

A 3
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8.3. Solution of Momentum Equation with the Satisfaction of Compatibility
Condition

A comparison of Equations (6) and (10) suggests that more accurate
results might be achieved by solving the momentum Equation (6) with the

;•*

FIG. 3, Boundary layer along the initial length of a flat plate at zero incidence with
homogeneous suction. Momentum thickness parameter /* plotted against x for different vakies
of v, [solution of momentum and energy equations with Schlichting's profiles].

'4tS

44

FIG. 4. Boundary layer along the initial length of a flat plate at zero incidence with
homogeneou.; suction. He plotted against x for different values of vt [numerical sol.a ion of
momentum and energy equations with Schtichting's profiles].
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satisfaction of the compatibility condition (8) than by solving the simplified
momentum Equation (10).

FIG. 5. Boundary layer along the initial length of a flat plate at zero incidence with
homogeneous suction. Curves of / against x for different values of v, [solution of momentum
and energy equations with Schlichting's profiles].

With the values at the leading edge the momentum equation has been
solved for vs = -1 by Runge-Kutta8 method for five initial steps and then
by Adam's9 method using a quadrature formula.

The asymptotic state is seen to have been reached later. For vs = - 1 ,
the value at x = 4 of /* is -204 which is much less than the corresponding
exact value of Iglisch t* ^ -226 and the value of E. Truckenbodt t* = -244.
The corresponding value obtained by the joint use of the momentum and
the energy equations is /* = -228.

The course of t* obtained by the solution of the momentum equation
with the compatibility condition is given by curve (d) in Fig. 1 and that
obtained by the simplified approximation method of Truckentodt (Eqn. 11)
is represented by curve (c). The curve (a) representing the solution of the
momentum and the energy equations is seen to be the most satisfactory.

9. DISCUSSION

With increasing rate of suction the momentum thickness parameter t*
deceases and the asymptotic suction profile is reached earlier. Because
of the use of a singly infinite system of velocity profiles the process of com-
putatfon has become much easier whereas the results obtained by the joint
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use of the momentum and the energy equations are quite well in agreement
with the exact solution.

The method can be reliably used to find the boundary layer over a flat
plate with solid entry length. If suction is started at a point where the
boundary layer has so much developed that vsB/v< —0-5, then at the start-
ing point the solution of Equation (8) will give a positive value of K.
dt*JdxanddHJdxwill be negative so that/* andH€ will both begin to
decrease to their asymptotic values of A = —0-5 and H« = 1-667.
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ABSTRACT

Similarity solutions of the boundary layer equations for compressible
pseudo-plastic fluids for plane symmetrical jet are obtained in a closed
form. Behaviour of velocity component perpendicular to the axis of the
jet is discussed in detail.

INTRODUCTION

TOOSE (1952) obtained solution in dosed form for a plane symmetrical jet
of a compressible fluid. Toose's assertion about the behaviour of transverse
velocity component was corrected later by Kapur (1958). Kapur (1962,
1963) discussed incompressible two-dimensional jet for pseudo-plastic power
law fluids. Here we attempt to extend Kapur's analysis to include compres-
sibility effects. We obtain similarity solutions in a closed form and disuss
the behaviour of transverse component of velocity in detail.

BASIC EQUATIONS

We use cartesian co-ordinates taking axis of the jet as x-axis and .y-axis
perpendicular to it. Origin is some fixed point on jet axis. Suffixes a,
j and a will denote values in the undisturbed stream, at the orifice and on
the axis of the jet respectively.

Two-dimensional boundary layer equations in the absence of pressure
gradient for compressible pseudo-plastic power law fluid are easily obtained
(Kapur, 1963) as the following:

lu n-i llfl;j o)

^(P«)+|(P») = O (3)

- pt = pJa = Pjtj" (4)
73

A4
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where p denotes density; / absolute temperature; /* the coefficient of vis-
cosity; Cp specific heat at constant pressure; k the coefficient of thermal
conductivity; and (u, v9 0) the velocity field. Further we have made use
of stress and rate of strain relationship given by

hi = €nm€mn
<n-u/2

which defines power law fluids, n being the characteristic of the fluid. //.
is in general dependent on temperature. This dependence is taken to be
the same as by Toose (1952) so that

1 ^ t

2 < m < L (5)

Since the jet is symmetrical and the transverse component of velocity is to
vanish on the jet axis, therefore,

= ̂  = ° at y - (6)

Further axial component of velocity vanishes at an infinite distance from
the jet axis, therefore,

u 0 as y —> 00 (7)

(6) and (7) constitute the boundary conditions of the present problem. We
make a change of independent variables from JC and y to x and 0 where 0
is a stream function defined as

p ly p

It reduces equation (1) to

Further if we denote

U = - T = - x
L
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Equation of state and momentum equation reduce to

and

where

and

5)1
d?

A
w.3Tl-S

p.(Tl-l)/2 I (W-D/2

*H1 (9)

Vk = — .

J «

At this stage we make the following assumption:

(i) m = n, so that for the fluid under consideration \ < n < 1.
Thus the fluid is a Pseudo-Plastic one.

(ii) Velocity profiles in the jet exhibit similarity at all the points down-
stream of the orifice. This is reasonable if boundary layer and mixing
region in the jet both vanish at the orifice.

In fact we are interested in the similarity solutions of the equation V9).
For this we assume

U = XPF(f) where f = ¥"*Xr (10)

p, q and r are constants and are to be determined. From (9) and (10) one
obtains that the similarity solutions are possible provided.

9 = 1 and (1 - 2n)p = 1 + (n + 1) r. (11)

Further in the absence of pressure gradient, the rate of flow of momentum
across any section of the jet is constant, say Mo. So that

or.

t

oc
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In order that Mo is a constant* p = r, which gives

Making use of (10), (11) and (12), equation (9) reduces to

where we have made use the fact that aw/fry, i.e., F' is negative.

Integration of the above equation gives -

_ pi-i/n p' _. jjf i/»

where
1 \i/n

and the constant of integration vanishes because

F' = 0 for £ = 0.

Integrating once again, it gives

p(2n-i)/n ]j£<i+Ti)/n

anrr- - " TTiT + const*
But for

g = o, F - 1,

so that

1
const. = 2w i •

Hence

F<an-i)/n = __l
2 « - l
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Thus the problem is completely solved. Now we shall attempt to give an
interpretation to this solution.

Solution in terms of physical co-ordinates.—As 0 can be treated a function
of x and y as well as of x and £, therefore

Explicitly it gives

Tn

xv Vv£ (^)»*=

Alternatively we obtain

5 = ^ (M)
If the value of Q>(il?>x)y is substituted in the second equation, it reduces to an
identity. Therefore, v is to be determined through some other means. The
first of the above relations can also be written as

On integration from a to f, it yields

where a and <f> (X) are arbitrary. For y = 0, one can take ^ = 0, which
implies
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For complete determination of velocity field, validity of croccos' relation

Bw —

is assumed which is true irrespective of the form of /*(f) and A and B are
constants to be determined from the conditions

t = /j when u = uj

t = ta when u = 0.

If t0 is the stagnation temperature of the undisturbed jet, it can easily be
shown that

(15)

Further

One finds that vju can be expressed as

v Tx
u

Using equations (10), (13), (IS) and explicit values for u one gets

2ri/(2n-i)

06)

where
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is incomplete Beta function defined as

j8j(/,w)= J xUl(l-x)m'ldx.
0

Also

( In — 1 \n/( fii-i)

1 - ^j B^'*) (18)

We note from (16) that the coefficient of l/X1+1/3n will always be positive
while coefficient of l/X1"1'371 will be positive for small values of f and will
become negative for other values of £. Further v vanishes for £ = 0 and
approaches a finite negative value as

a - 1

Also ($ylH)x is always positive so that for every fixed X, as y increases £
increases. Thus, for every X there is a value of y such that upto that value,
the transverse velocity is directed away from the jet axis and after that the
transverse velocity is directed towards the jet axis.

The equation of the curve which divides the regions in which transverse
velocity is directed towards or away from the jet axis is given by

y = X»» ^ / [^ " ^ Mj2 X"2/8n Fi0 + X~im vT° ~

1 v i if 2M — 1 12n/<an-i)

3n 2 M j s X 1 + 1 / 3 n r n + l D S I ~ °-

where £ is the parameter.

Characteristic length.—We note that values of £ for y = 0 and y-+ oc
are respectively £ = 0 and

j
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therefore

cc

Mo =

+ (n) dr

This equation determines the value of L for a known Mo. For n = 1, it
reduces to the case discussed by Toose (1952).

Degenerate case.—-In the degenerate case when tj = fa, that is, Ta = 1
and the orifice velocity UJ is very small then Mj will be very small, the axial
and transverse component of velocity in the present situation will be given
by

1 = X-Wl - ^=4
UJ \ n +1

V L i _
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ABSTRACT

Methylation and benzylation of 5 (or 6)-methyl benzimidazoles has
been carried out under uniform conditions. The structures of the pro-
ducts obtained have been established by comparison with authentic
samples prepared by unambiguous methods. The results obtained are
explained on the basis of inductive effect of the methyl group and the
relative basicity of the two nitrogen atoms.

INTRODUCTION

THE'tautomeric character of 5 (or 6)-methyl benzimidazoles was first esta-
blished by Fischer and co-workers.1"3 Methylation of 2, 5 (or 6)-dimethyl
benzimidazole2 (I, R = CH3) with methyl iodide was reported to givs a
separable mixture of 1, 2, 5- (II, R=R' = CH3) and 1, 2,6- (III, R, R'=CH3)
trimethyl benzimidazoles in almost equal proportion in addition to 1,2, 3, 5-
tetramethyl benzimidazolium iodide (IV, R = R' = CH3). It was also
shown that (II) and (III) with excess of methyl iodide gave the same methio-
dide3 (IV), thus indicating the possibility of formation of isomeric benzi-
midazoles from tautomeric benzimidazoles by N-substitution and the forma-
tion of one and the same benzimidazolium salt on quaternisation of either
isomer.

The benzimidazole obtained by Bamberger and Lorenzen4 by the action
of methyl iodide on the sodium and silver salts of 2, 5 (or 6)-dimethyl benzi-
midazole was assigned the structure (IT, R, R' = CH3) by Phillips.5 The
results obtained by Phillips and more recently by others are summarised in
Table 1.

•Part I: Rao and Ratnam, /. Chem. Soc, 1959, p. 3087.
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TABLE I

Results of N-substitution in 5 (or 6)~methyl bcnzimidazoles (/)

S.No.

1.
2.

3.
4.

5.

6.
7.
8.

R(inl)

H
H

H
H

CH8

CH3

CH3

C,H5

Reagent

CH8I in CH3OH

(CHa)2SO4

(CHj)2SO4+OH-

CH3SO3-OK+OH-

CH3I in CH3OH

(CH3)2SO4

(CH3)2SO4+OH-

CeH5CH2Cl, CH8COONa+I2

Product

Ratio of 1,5-
to 1,6-isomer

1,6-isomer only

1 :10

1 :1

9 :1

1,2, S-isomer and
its methiodide

1 :10

1 :1

1,2, 6-isomer only

Reference

5
5

5
6
5

5

5
7

The results obtained by Fischer do not throw sufficient light on the
tautomeric behaviour of 5 (or 6)-methyl benzimidazoles, since in most cases
the products of alkylation were quaternary salts. The results obtained by
Phillips indicate that the course of N-substitution to a large extent depends
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on the experimental conditions of alkylation. The oily product obtained
on methylation of 5 (or 6)-methyl benzimidazole5 by methyl iodide was
presumed to be 1,6-isomer (III, R = H, R ' = CH3), without establishing
its identity with an authentic sample. Further, the position of methyl group
in "2,2'-dimethyl-3'-benzyl benzimidazole" obtained by Bamberger and
Lorenzen4 by allowing benzyl chloride to react with 2, 5 (or 6)-dimethyl
benzimidazole in ethanolic sodium ethoxide is left undecided.

In view of the varying results obtained under different conditions of
alkylation, a study of methylation and benzylation of tautomeric 5 (or 6)-
methyl benzimidazoles (I, R = H, CH3 and C6H5) has been undertaken,
adopting throughout the same experimental conditions in order to evaluate
the possible influence of substituents on the course of N-substitution.

5 (or 6)-Methyl5-, 2, 5 (or 6)-dimethyl6-, and 2-phenyl-5 (or 6)-methyl8

benzimidazoles have been prepared by standard methods. To characterise
the products of N-substitution the required N-substituted 5-methyl and
6-methyl benzimidazoles have been obtained by unambiguous methods.9

In addition, 1, 5-dimethyl-2-phenyl and 1, 6-dimethyl-2-phenyl benzimida-
zoles have now been prepared for this purpose. Methylation and benzy-
lation have been carried out using only one mole of the reagent under mild
alkaline conditions to minimise the chances of quaternisation. Methylations
have been carried out by refluxing the benzimidazole for several hours with
methyl iodide in dry acetone in the presence of anhydrous potassium
carbonate. The benzimidazoles have been benzylated using freshly dis-
tilled benzyl chloride in the presence of fused sodium acetate and a speck
of iodine.7 The results of methylation and benzylation are included in
Table II.

In the methylation of ail the three benzimidazoles used, formation of
quaternary salt (IV) was noticed. Benzylation of 5 (or 6)-methyl benzi-
midazole at 100° led to the formation of quaternary salt in considerable quanti-
ties. However, on benzylation at 170-80° no quaternary compounds were
isolated. In the case of 2, 5 (or 6)-diittethyl benzimidazole benzylation above
100° seems to resinify the product. At 100° a good yield of N-benzyl deri-
vative together with some quaternary salt has been obtained. Quaternary
salts could be separated from the free bases taking advantage of the insolu-
bility of the former in dry benzene. The N-methyl isomers obtained on
methylation of 5 (or 6)-methyl benzimidazole were separated by chromato-
graphy over alumina. The mixture of N-benzyl isomers obtained on
benzylation, however, could be satisfactorily separated into its components
by fractional crystallisation from aqueous ethanol,
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TABLE II

Results of methylation and benzylation of 5 (or G)-meihyl
benzimidazoles (I)

Relative percentage yield of
Products

S.No. R(inl) Conditions
1,5-isomer 1, 6-isomer Quater-

nary salt

1.

2.

3.

4.

5.

6.

H

CHS

C«Hj

H

CH8

C,H5

CH3I in acetone, potassium
carbonate, 40 hrs.

CH3I in acetone, potassium
carbonate. 40 hrs.

CH3I in acetone, potassium
carbonate, 40 hrs.

C«H6CH2C1, CH3COONa
I2,12 hrs., 170—180°

C,H6CHaCl, CH8COONa,
I2,12 hrs., 100°

C6H6CH2C1, CH3COONa,
I2,10 hrs., 170°

23

55

50

37

• •

47

63

64

100

30

45

50

36

The orientation of N-substitution in imidazole derivatives depends on
the mechanism and type of species involved. Under neutral conditions
methylation of imidazoles was shown to involve the neutral molecule by
SE2/-mechanism,10'" i.e., attack by the electrophilic reagent (E+) at the
tertiary nitrogen atom of the ring follQwed by the proton loss from the
imino group (V). The same mechanism can be extended to 5 (or 6)-susti-
tuted benzimidazoles. Unlike in imidazole, the problem is not so simple
in 5 (or 6)-methyl benzimidazoles, since they can exist as a mixture of two
tautomers (I a and I b). The electron release by the methyl group in the
benzene ring would be expected to increase the electron density, at the
nitiogen para to the methyl group. If tautomer ratio is the measure of
relative basicity of two nitrogen atoms, structure (I a) would be more stable
and predominant. Methylation of 5 (or 6)-methyl benzimidazole gave a
mixture of 1,5- and 1, 6-isomers, the latter being obtained comparatively in
larger proportion. The formation of 1, 6-isomer can be expected by the
attack of the alkylating agent at the tertiary nitrogen atom in tha tautomer
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(I a) followed by dehydrohalogenation. However, the expected relation
between the basicity of nitrogen and its nucleophilic power suggests that
the tautomer (I b) present in low concentration will have the higher rate co-
efficient for substitution by SE2'-mechanism. Thus the tautomer (I'b) to
the extent it is present is likely to be more reactive and can form 1, 5-isomer.
Thus the formation of 1, 5- and 1, 6-isomers can be explained. On methy-
lation of 2, 5 (or 6)-dimethyl benzimidazole and 5 (or 6)-methyl-2-phenyl
benzimidazole besides 1, 5-isomer considerable amounts of quaternary salts
are formed. During the alkylation if quaternary salt is formed it is diffi-
cult to interpret, as it might have been formed from 1, 6-isomer or 1,5-
isomer. In the case of 5 (or 6)-methyl benzimidazoles it may be expected
that 1, 6-isomer is formed first and that it undergoes quaternisation
later. The substituent in 2-position of tautomeric benzimidazole does not
seem to have any significant effect in tautomer stabilisation, since it is sym-
metrically situated with respect to both nitrogens. In this respect benzy-
lation experiments are more helpful as the quaternary salts are not formed
in two cases and the formation of 1, 6-isomer in larger amounts on benzy-
lation is in accordance with the mechanism proposed earlier.7

EXPERIMENTAL

1, 5-Dimethyl-2-phenyl benzimidazole.—To N^methyl 4-methyl-0-phenylene-
diamine12 (l-5g.) in alcohol (15 ml.) was added benzaldehyde (l-2g.) and
nitrobenzene (15 ml.) and refluxed for two hours. The solution remaining
after the evaporation of alcohol was steam-distilled to remove nitrobenzene
and unreacted aldehyde. The residue (1-Og.) after crystallisation from
dilute alcohol and finally from petroleum ether gave 1, 5-dimethyl-2-phenyl
benzimidazole as colourless needles, m.p. 131° (Found: C : 81-3; H : 6-5;
N : 12-3. C16H14N2 requires C : 81-1; H : 6-3; N : 12-6%).

1, G-Dimethyl-2-phenyl benzimidazole.—Condensation of N2-methyl-4-
methyl-0-phenylerie-dizmine12 (1-2 g.) with benzaldehyde in alcoholic nitro-
benzene gave crude 1,6-dimethyl-2-phenyl benzimidazole (0-75 g.). On crystal-
lisation first from alcohol and finally from ethyl acetate-petroleum ether
mixture the pure benzimidazole was obtained as colourless bushy needles,
m.p. 138° (Found: C : 81-3; H : 6 - 6 ; N : 12-4. C16H14N2 requires
C : 8 1 1 ; H :6-3; N : 12-6%).

Methylation of 5 (or 6)-methyl benzimidazole.—A mixture of 5 (or 6)-
methyl benzimidazole (1-3 g.) and methyl iodide (1 -5 g.) in dry acetone
(50 ml.) was refluxed over anhydrous potassium carbonate for forty hours.
After evaporation of acetone, water (100 ml.) was added to the residue and
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extracted with several small portions of chloroform. The chloroform
extracts were dried and evaporated. The gummy residue obtained was
treated with dry benzene (50 ml.) when the insoluble quaternary salt (0-25 g.)
separated out. It crystallised from alcohol in needles, m.p. 227° and ana-
lysed for 1,3, 5-trimethyIbenzimidazolium iodide (Found: C : 41 -5; H: 4-8;
N :9-5. C10H13IN2 requires C :41-7; H : 4-5; N :9-7%).

The low melting solid obtained on evaporation of filtrate was dissolved
in benzene (15 ml.) and chromatographed over alumina. The yellow band
separated was eluted with benzene. First elutions gave compound (A),
colourless needles from petroleum ether (40-60°), m.p. 74°. The final
elutions with benzene-ethyl acetate mixture (2:1) gave compound (B),
colourless needles from benzene-petroleum ether, m.p. 95°. The middle
fractions gave an oil, which on resubmitting to chromatography gave fur-
ther quantities of (A) and (B). The yields of (A) and (B) were 0-4 g. and
0-2 g. respectively. (A) and (B) have been found to be identical in all
respects with 1, 6-dimethyl13 and 1,5-dimethyl14 benzimidazoles respectively,
synthesised by unambiguous methods.

Methylation of 2, 5 (or 6)-dimethyl benzimidazole.—Methylation of
2, 5 (or 6)-dimethyl benzimidazole (l-6g.) with methyl iodide (l-6g.) in
acetone over potassium carbonate gave a low melting solid. This was
triturated with benzene (75 ml.) and the insoluble quaternary salt was filtered
(0-5 g). It crystallised from alcohol as rectangular rods, m.p. 165-66°,
and analysed for 1, 2, 3, 5-tetramethyl benzimidazolium iodide (Found :
C : 43-5; H : 5-2; N : 9-1; CUH15IN2 requires C : 43-7; H : 5-0; N: 9-3%).
The residue obtained on evaporation of the filtrate (0-6 g.) was recrystallised
from petroleum ether (40-60°) giving colourless needles, m.p. 140°. This
compound was found to be identical in all respects with a synthetic sample
of 1,2, 5-trimethyl benzimidazole.12 Its mixed melting point with 1, 2, 6-
trimethyl benzimidazole12 was depressed (80-98°).

Methylation of 5 (or 6)-methyl-2-phenyl benzimidazole.—Methylation
of 5 (or 6)-methyl-2-phenyl benzimidazole (0-65 g.) with methyl iodide
(0-5 g.) in dry acetone over potassium carbonate gave a solid. This was
treated with dry benzene (50 ml.). The benzene insoluble compound (0-2 g.),
crystallised from acetone petroleum ether in colourless needles, m.p. 215°
and analysed for 1, 3, 5-trimethyl-2-phenyl benzimidazolium iodide (Found :
C : 52-4; H : 4-9; N : 7-4. C16H17IN2 requires C : 52-7; H : 4-6;
N :7-7%). The filtrate was passed over a column of alumina. Elution
with benzene gave a compound (A; 0-2 g.), colourless plates m.p. 130°,
from benzene petroleum ether. Final elutions with ethylacetate-benzene
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gave a compound (B; 0-12 g.), m.p. 242°. By comparison with authentic
samples A and B were found to be identical with 1, 5-dimethyl-2-phenyl and
5 (or 6)-methyl-2-phenyl benzimidazoles repectively.

Benzylation of 5 (or 6)-methyl benzimidazole.—A mixture of 5 (or 6)-
methyl benzimidazole (0-95 g.), freshly-distilled benzyl chloride (0-9 g.),
fused sodium acetate (l-0g.) and a speck of iodine was heated on an oil-
bath maintained at 170-80° for twelve hours. The reaction mixture while still
hot was poured into crushed ice with vigorous stirring and the solid (0-9 g.)
separated was filtered and recrystallised from alcohol giving a colourless
solid, m.p. 120-30°. Crystallisation of this from dilute alcohol (1 :2)
gave a compound m.p. 170° rectangular rods (A; 0-5 g.) and the filtrate
on concentration gave a compound, m.p. 140° (B; 0-3 g.), colourless
rectangular plates. A and B were identical with l-benzyl-6-methyl and
S-methyl benzimidazoles respectively by comparison with synthetic samples.9

Benzylation of 2, 5 (or 6)-dimethyl benzimidazole.—Benzylation of
2, 5 (or 6)-dimethyl benzimidazole (0-6g.) with benzyl chloride (0*55 g.)
in the presence of fused sodium acetate and iodine on water-bath for twelve
hours gave a low melting solid. It was washed several times with cold
water and then with cold petroleum ether. The residue was treated with
dry benzene (50 ml.) and the benzene-insoluble compound (0-2g.) was
filtered and recrystallised from alcohol in hexagonal plates, m.p. 261-62°.
This analysed for 1,3-dibenzyl-2,5-dimethyl benzimidazolium chloride
(Found: C : 75-9; H : 6-2; N : 7-5. C23H23C1N2 requires C : 76-1; H: 6-2;
N : 7 • 7%). The solid obtained on evaporation of the benzene solution was
purified by recrystallisation from aqueous ethanol (1 :2) giving colourless
plates (0-35 g.), m.p. 141°. This was found to be l-benzyl-2, 6-dimethyl
benzimidazole by comparison with synthetic samples of l-benzyl-2, 5-
and 2, 6-dimethyl benzimidazoles.9

Benzylation of 5 (or 6)~methyl-2-phenyl benzimidazole.—5 (or 6)-Methyl-
2-phenyl benzimidazole (1 -5 g.) was benzylated by heating with benzyl chlo-
ride (0-8 g.) in the presence of sodium acetate and iodine, at 170-80° for
twelve hours. The reaction mixture was added to excess of crushed ice
when a resinous solid separated out which when treated with a little alcohol
gave a granular solid (l-39g.). This was filtered and recrystallised from
alcohol and benzene yielding colourless prismatic rods, m.p. 195°. This
was found to be identical with an authentic sample of l-benzyl-2-phenyl-
6-methyl benzimidazole.7
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ABSTRACT

In this paper we establish some identities of H-functions involving
complex arguments.

Fox (2, p. 408), introduced the H-function in the form of Mellin-Barnes
type integral, which has been symbolically denoted by Gupta and Jain (3).

{(**

IT

<n ni-bj + fts) TT r(aj-aiS)

where {(/r,yr)} stands for the set of the parameters (/i, yi), . - . , (/r, Yr)l
x is not equal to zero and empty product is interpreted as unity;/?, q9m
and n are integers satisfying 1 < m < q; 0 < n < p ; aj (j = 1,2, . . . , /?),
ft ( 7 = 1 , 2 , . . . , g) are positive numbers and a;- ( 7' = 1, 2, . . . , /0> ^j (7 =
1,2, . . . , 9 ) are complex numbers such that no pole of r(bh — (Jhs)
(h = 1,2, . . . , /w) coincides with any pole of F (1 — ^ + ajj) (1 = 1,2,

A 6

n - 1) (1.2)

(v, i\ = 0,1, . . . ; h = 1,2, . . . , m; i -= 1,2 »).
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2. We establish the following identities:

-k

m+l (2.1)

provided /» < <jr — 1. 4

Jlm.n L

H"4 L"

H T - * (2.2)

where n </»— 1.

Proof.—To prove (2.1), expressing the H-function on the left-hand
side as Mellin-Barnes type integral (1.1), we have

that is

m+l

if
2m J,

77 r(bj-pjs) it r(l-aj+ajs)

, (2.3)

now in view" of

7T

sin 7
and sin z = _ e-iz

Ti
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can write

— *m+i +

Itri

therefore (2.3), reduces to

1 C ™
2TS J Q

it ni-bj-Pjs) 7T r(aj-ajS)
jmm+2 i-n+l

•H-l
7T7T

again, using (1.1), the definition of H-function, we get the result (2.1).

Similarly (2.2), can easily be established.

Particular Cases.—Taking OJ = j5h = 1 (j == 1 , 2 , . . .,/>; A = 1 ,2 , . . . ,? )
in (2.1) and (2.2), the H-function reduces to Meijer's G-function and thereby
we get known results [1, p. 210 (14)].
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ABSTRACT

Kinetic data are reported for the decarboxylation of malonic acid
in esters at different temperatures. The activation parameters are calcu-
lated and shown to favour the polar mechanism for the decarboxylation.
Inductive and steric effects of the various solvents on the rate are dis-
cussed.

INTRODUCTION

KINETIC studies have been carried out in the past on the decarboxylation
of malonic acid in a variety of solvents selected from a wide range of diffe-
rent homologous series. These include aromatic amines, aromatic and
aliphatic alcohols, mono-carboxylic acids, aromatic nitro compounds, sulf-#
oxides and poly hydroxy compounds.111 In all these solvents it has been
visualised that the electrophilic corbonyl carbon atom of undissociated
malonic acid apparently co-ordinated with an unshared pair of electrons
on a nudeophilic atom of a polar molecule. This is then assumed to favour
the subsequent cleavage of malonic acid into acetic acid and carbon
dioxide.15

Apparently, no kinetic work has been done with esters as the solvents.
If the reaction proceeds by the indicated mechanism, it is reasonable to
expect the unshared electrons on the alkyl oxygen atom of ester to
co-ordinate with malonic acid, thereby promoting decarboxylation. The
present paper describes the results of kinetic studies in four esters, namely,
methyl benzoate,̂  ethyl benzoate, benzyl benzoate and ethyl cinnamate.

EXPERIMENTAL

Reagent.—Reagent grade malonic acid (melting point 135-2° C.) 100-0%
assay was used in this investigation.

92
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Solvents.—The esters used as solvents in this investigation were highest
purity chemicals. They were fractionally distilled at atmospheric pressure
just before the start of the kinetic run. The physical constants of the esters
are given in Table I.

Ester

Methyl Benzoate
Ethyl Benzoate
Benzyl Benzoate
trans-Ethyl Cinnamate

TABLE I

Physical constants of

Boiling point
observed at

760 mm. pressure
°C, Unconnected

199-6
212-4
323-7
270-8

the esters

Refractive
Index

measured
30° C.

1-511
1-504
1-566
1-557

Dielectric
constant

(from lit.)3

>6-59
6-02
4-9
6-1

Apparatus and Technique.—The course of the reaction was followed by
measuring the volume of carbon dioxide evolved at definite time intervals.
The experimental set up was mainly based on that of Louis Watts Clark.2

In these experiments a sample of accurately weighed malonic acid was taken
in a fragile glass capsule and held in position on a movable iron support
away from the reaction vessel inside the closed system. At the appropriate
time the iron support was made to collapse by means of a magnet from out-
side and the capsule dropped into the vigorously stirred solvent, which had
been thermostated using a vapour bath at constant pressure.

RESULTS

Decarboxylation experiments were carried out in each solvent at three
or four different temperatures over approximately a 20° C. temperature range.
Two or three experiments were performed at each temperature in each
solvent. For each experiment exactly 50 ml. of solvent saturated with pure
dry carbon dioxide gas was used. However, a wide variation in the ratio
of solvent to solute did not show any effect on the rate of reaction. Every
sample of malonic acid yielded the stoichiometric volume of carbon dioxide
within experimental error. For example, in the case of benzyl benzoate
0*15615 gm. of malonic acid produced 36-9 ml. (V*) of carbon dioxide
at 30-0 ±0-05° C, the stoichiometric volume being 37-1 ml. This
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particularly eliminated the possibility of any other interaction (f/my-esterifi-
cation type) between malonic acid and the ester. This was further confirmed
by a study of refractive index. A little malonic acid was dissolved in each
ester separately and the solution kept for about a week. Then the acid was
removed and the refractive index of the ester determined. In no case any
change in refractive index was observed.

Excellent first-order kinetics were observed over the major part of the
reaction with agreeable reproducibility. In all the cases the plot of log {a—x)
versus the time gave good straight lines. The average values of the apparent
first-order rate constants for the reaction in the four esters at the different
temperatures studied, obtained from the slopes of the experimental logarith-
mic plots, are given in Table II. For the purpose of comparison the rate

TABLE II

Apparent first-order rate constants for the decarboxylation of malonic acid
in esters

Solvent Temperature ° C. k± x 106 seer1

110-0 4-776±0-02
Methyl Benzoate 125-7 19-380±0-016

137-0 50-51 ±0-030

104-7 2-615±0-012
Ethyl Benzoate 107-1 3-088±0-014

128-1 14-93 ±0-070
137-0 27-35 ±0-024

108-5 2-721±0-03
123-2 ~8-578±0-01

Benzyl Benzoate 127-5 11-48 ±0-08
136-1 22-16 ±0-047
110-0 6-243±0-09

/ra/u-Ethyl Cinnamate 125-2 16-85 ±0-06
143-0 52-05 ±0-10

constant at a fixed temperature, 125° C, was evaluated for each solvent making
use of the Arfhenius Equation. The activation parameters calculated on
the basis of the Eyring Equation4*

__ KT C_AH/RT
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are shown in Table III. A plot of log k versus I/T was linear in every case
as shown in Fig. 1.

TABLE III

Activation parameters for the decarboxylation of malonic acid in esters

Solvent °C
12S
seer1

A seer1 E • AS.e.u. A F AH
K. cals. K. cals, K. cals.

Methyl Benzoate 1-820x10^ 1-31X1011 27-0

Elhy] Benzoate 1-202x10^ 1-32XI08

Benzyl Benzoate 9-605X10'6 5-2x10*

trans-Ethyl 1*679x10-* 3*1X10'

27-0
21-9

23-2

20-5

- 3-5
- 9*5

- 8-3

-10-7

30-3
30-6

30-8

30-4

31-7
26-8

27-4

26-1
Cinnamate

Ro. 1. A plot of log A, versus 1/T.

DISCUSSION

The data in Table III prove the reasonableness of the proposed mecha-
nism for the decarboxylation of malonic acid. It will be observed from
Table III that the energy of activation is least in ethyl cinnamate and maxi-
mum in methyl benzoate. The order of E* in the esters can be given as
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Methyl benzoate > Benzyl benzoate > Ethyl benzoate > Ethyl cinna-
mate.

The A H values also fall in the same order. These can be understood if
we consider the proposed mechanism, according to which the transition
state consists of a complex formed by mutual attractions between the elec-
trophile-nucleophile pairs. It is well known that the hydroxyl oxygen
atom of the carboxylic acids may act as Lewis base, donating an unshared
pair of electrons to an electrophilic agent. Based on this we can expect
the alkyl oxygen of the ester group to be more nucleophilic in character
due to the + I effect of the alkyl group. Accordingly for the decarboxy-
lation of malonic acid in the ester, the transition state can be reasonably
pictured thus :

* * 4 — c — 4
v / ^ - n r

Thus in the transition state the nucleophiiic alkyl oxygen of the ester
group interacts with one of the electrophilic carbonyl carbon atoms of the
acid facilitating the cleavage subsequently. The rate-determining step is
the formation of the transition state.

The ease of formation of the transition state will be determined by
two factors:

(i) the effective negative charge on the nucleophilic atom and

(ii) the accepting ability of the electrophilic atom.

From Table 111 we can observe that the activation energy and the
enthalpy decrease as the effective negative charge on the nucleophilic atom
increases. Based on the order of inductive effects5 the alkyl oxygen atom
in ethyl benzoate can be considered more nucleophilic when compared to
the oxygen in methyl benzoate and this is reflected in lowering of energy
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of activation as well as enthalpy of reaction. The decrease of E* and
AH in benzyl benzoate when compared to methyl benzoate can be due
to greater + E effect on the part of the phenyl group.6 The minimum
values in ethyl cinnamate can be attributed to the added nucleophilicity of.
the alkyl oxygen atom of the ester due to release by ethyl group on one
side and phenyl group with extended conjugation on the other.7

The entropy of activation in any reaction generally decreases as the
steric hindrance increases.46 The entropy values observed here are in-
clear conformity with this principle. In methyl benzoate which would be
expected to cause the least steric hindrance the AS value is maximum.
Ethyl cinnamate with its maximum volume shows least entropy of activation,
whereas the values are intermediate in ethyl benzoate and benzyl benzoate

The free energy values are almost constant in all the esters within
experimental error, indicating that the same carbon-carbon bond is broken
in all the cases.

Further a plot of AH versus /\S gives a straight line as shown in
Fig. 2 indicating that the mechanism of decarboxylation is same in all
the solvents.8

Fia. 2. A plot of Entropy versus Enthalpy
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A final evidence for the validity of the polar mechanism for decarboxy-
lation comes when we compare the values of dielectric constants in Table I
with the observed rate constants at 125° C. The rate constant increases
with increase of dielectric constant of the medium.
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ABSTRACT

In this paper we have employed Meijer's G-function to solve a
problem of the temperature in a nonhomogeneous bar and shown
how Meijer's G-function may be found useful in solving many prob-
lems of applied mathematics.

1. INTRODUCTION

As an example of the use of Meijer's G-function in heat conduction we
shall consider the problem of determining a function u(x, t), if u=f(x)
when / = 0, where u (x91) represents the temperature in a nonhomogeneous
bar with ends at JC = — 1 and x = 1 in which the thermal conductivity is
proportional to 1 — x\ and if the lateral surface of the bar is insulated, the
heat equation has the form [1, p. 197, (8)]

where b is a constant, provided the thermal coefficient cS is a constant
[1, p. 17, Sec. 9]. The ends x = ± 1 are also insulated because the con-
ductivity vanishes there.

In what follows for sake of brevity ar denotes fli, . . . , ar; A is a positive
integer and the symbol A (K a) represents the set of parameters

o a + 1 a + A — 19

In this paper we have considered

| £ ] (1.2)

Present address ; Regional Engineering College, Kumksnetra (Haryana).
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The following formula is required in the proof:

—1

r
, «+2\ I * *

A (A, -a ) , ar, A (A, -a )
A (A, — <*+m)9 bS9 A (A,'-!-«-*)]>

0-3)

where

r + s<2(p
Re(a+ — l f 7 = 1*2, •

which follows from [3, p. 198, (3.2)].

2. The solution to be obtained is

n«O

A (A, - a), or, A (A, - o)
- a + ri), bu A (A,

(2.1)

where

q- $r —

Re(a — I, j = 1,2, . . .,/>.

Proof.—The solution of the problem as given in [1, p. 197, (8)] js

u (x, t) = £ A«Pn (x) <r*n««+" * (2.2)

If / = 0, then by virtue of (1.2), we have

G?;« [z (1 - A n P » ( J C ) ' (2.3)
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Multiplying both sides of (2-3) by Pm(*) and integrating with respect to
x from — 1 to 1, we obtain

i

J(l-x)'Pm(x)G'-.:

= J £ A» ,f Pm (x) Pn (x) dx. (2.4)

Using (1-3) and the orthogonality property of Legendre polynomials
p, p. 277, (13) and (14)], we get

Aro = (2m + 1) ^

A (A, -
v

L A{K-° + m)9b8, A(A,-l-<r-fw)J
(2.5)

where
r + s < 2 (p + q), | arg z \ < (p + q - \ r - \ s)n9

Re (a + Afy) > - 1 , J = 1 ,2 , . • .,/>.
Now with the help of (2.2) and (2.5) the solution (2.1) follows

immediately.
On specializing the parameters, the G-function may be converted into

Bessel functions, Legendre functions, and other higher transcendental func-
tions [2, pp. 434^14]. Therefore, the f(x) given in (1.2) is of general
character and hence may encompass several cases of interest.
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ABSTRACT

The author discusses here certain infinite sums of products of
generalized Laguerre polynomials.

IN a recent paper published in these Proceedings Rangarajan4 obtained
the sums of two infinite series involving products of Laguerre polynomials
in the formsf

n=0

and

exp. (-yz).*2 [- j9; a

• Present address : Department of Mathematics, University of Victoria, Victoria, British
Columbia, Canada.

tNote that the formula (1) appears incorrectly on page 362 of Rangarajan's paper referred
to above.
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where <P3 denotes a Humbert's confluent hypergeometric function in two
arguments defined by means of (cf Erd61yi et al.9

2 p. 225)

(3)
Wro+n

m, n=o

It may be of interest to observe that formula (1) in a more general form
was proved many decades earlier by Erdelyi1 and that both (1) and (2)
admit themselves of further elegant generalizations which we have recently
derived elsewhere (see Srivastava6*7).

Indeed from the definition (3) it follows that

o . + xz xyz
- / J ; a + l ; 2

xyz

xz

by Kummer's theorem (cf. Erd61yi et a/.,2 p. 253)

[ a; -I re-a; "I

z I = exp.(z) iFj I - z l ,

and (1) assumes the desired form

!»•=•
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Obviously, this is a special case of Erdelyi's formula* (cf. Erdelyi,1
p. 344)

CO

««=0

when y = j8.

We conclude with the remark that in the course of an attempt to give
extensions of the well-known Hille-Hardy formula (c/., e.g., Erdelyi et a/.,3

p. 189)
oo

^ w* (a) (v\ -n

• - 0

I<1, (6)

which follows readily from (4) and (5) when a = j8 = y, we have recently
invoked the Laplace and the inverse Laplace transform techniques and the
method of finite mathematical induction to obtain several new and distinct

• See also the formula (27) on page 288 of Erctelyi et at* For an elementary method of
derivation of (5) in a slightly different form see formula (2-3) on page 306 of Srivastava.5
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bilinear generating functions for certain classes of generalized hypergeo-
metric polynomials. For instance, we have (cf. Srivastava6)

—n,al9...,api

* - Q

F — n , a x , . . . , % ; "I
, yW

n (gi)n • •. (Cp)n (<*i)n •. • ("r)n W

X

X

xz

A + moi + n , . . . , « , + », yz 1

Pi + n, . . . , & + «• ^ J
(7)

and
oo

n
n!

• • 0

r+ir*+i

V7

.1 — A — n, ft /?, ; _

JCZ

i . L i .

' l 4" W, . . ., £?q "T W,

under the conditions of validity discussed in Srivastava.5-6

The formula (7) extends several hitherto scattered results in the theory
of generalized hypergeometric polynomials, while in the special case

p = r= '$ = 0, q=U bx=l + a9 A = - f t

(8) corresponds to the formula (2) which, in turn, reduces to the known
generating relation (cf. Erdelyi et a/.,3 p. 215)

oo

2
ft-0

in the limit when z -> — 1.

(8)
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ABSTRACT

The lifetimes of positrons in crystalline powders of dimeric oxides
of arsenic and antimony, and in trioxymethylene and polyoxymethylene
aie reported. In As4O6 and polyoxymethylene a longer component
r4 is observed in addition to the usually observed T2 component. The
variation of r4 with temperature and pressure is studied in As4O6. On
the basis of these results and the X-ray diffraction pictures, it is suggested
that ortho-positronium atoms quenched in intercrystallite regions in
As4O6 gives rise to r4.

INTRODUCTION

IT is well known that the long component T2, observed in the lifetime
spectra of positrons annihilating in a condensed medium is due to the quen-
ching of the ortho-positronium atoms by the electrons of the medium.1

T2 is usually in the range of 1 to 5 nanoseconds. Recently, however, another
longer component, T4, of the order of a few tens of nanoseconds, has been
observed in some ionic oxides like MgO, A12O3, BeO, etc.2-4 In most of
these cases T4 has an intensity (1^ smaller than the intensity (I2) of the
T2 component. The origin of such long components is not clearly
understood at present.

The present paper reports the lifetimes of positrons in crystalline
powders of dimeric oxides of arsenic (As4O6) and antimony (Sb4O6), and
in trioxane [trioxymethylene (CH2O)3] and polyoxymethylene [H—(CH2O)n

— OH]. The longer component T4 is observed in As4O6, and in polyoxy-
methylene. The variation of T4 in As4O6 is studied as a function of tem-
perature and pressure. These results together with the Laue transmission
patterns and powder photographs obtained for crystalline and heat-treated
samples suggest that T4 could arise out of ortho-positronium atoms quen-
ched in intercrystallite regions.
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EXPERIMENTAL SET-UP

The standard slow-fast coincidence set-up used in this work to measure
the lifetimes of positrons, and the procedure to compute the intensity of
the delayed component have been reported earlier.1 The delayed com-
ponent T2 and its intensity are obtained by subtracting the T4 part from the
total spectrum, when two delayed components are present.

RESULTS AND DISCUSSION

.Text-Figure 1 shows a typical lifetime spectrum obtained for crystalline
As4O6 at room temperature, showing two delayed components, T2 = l-2ns
and T4 = 10 ns. The variation in the values and intensities of the
delayed components as a function of temperature and pressure is shown
in Table I. As the temperature is increased beyond 100° C, T4 begins to
decrease and at about 135° C, T4 disappears irreversibly, i.e., does not re-
appear on cooling the sample back to room temperature. The experiment
was carried out with the sample in vacuum, the tube containing the pellets
and the Na32 source being evacuated continuously, so as to avoid the
effects due to oxygen, and was repeated several times to ensure the irrever-
sible disappearance of r4 at about 135° C. When As4O6 pellets were

CHANNEL NUMBER

TEXT-FIG. 1. Typical time distribution of positron- annihilation quanta in polycrystalline
O, at room temperature (schematic).
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subjected to a pressure of 100 tons/sq. inch, the value of T4 decreases. These
pellets also exhibit an irreversible disappearance of r4 at about 135° C. as

\ seen from Table. I.

TABLE I

Sample

As4O6

pellets prepared

under -5—«75 tons/sq. inch

cooled to

As4O6

pellets prepared

under 100 tons/sq. inch

cooled back to

Arsenic trioxide glass

Sb4Oa

Trioxane

Polyoxymethylene

Tempe-
rature ° C.

27
100
150

200
27

27
100
130
200
27

27

27

27

27

ft

ns

l-2±0-l
l*2±0-l
l-8±0-2
l-8±0-2
l-2±01

. <1
<1

l-3±0-2
l-2±0-2
l-2±0-2

20±01

3-l±0-l

l-2±0-l

21±01

h%

25±2
9±2
13±2
13 ±2
11±2

• •

6±2
13 ±2
13±2

11±1

5±1

27±2

9±2

ns

10±l
8±1
• •
• •
• •

6-5±l
5±1

a .

• a

13±1

I.%

5±1
16±2

• •

• •

5±2
5±2

• •
• •
• «

••

• a

~0-4

Sen and Patro5 have shown that the longer component T4 observed
in A12O3 arises out of two photon events. They have observed T4 by two
different methods, with the standard slow-fast coincidence set-up and also
with the triple slow double fast coincidence set-up designed to detect only
two photon events, and have obtained the same value (63 ns) for T4 in A12O3.
From this result they conclude that T4 is associated with two photon decay
and not with three photon decay. Their work suggests that T2 and T4

could arise out of ortho-positronium atoms quenched in two different kinds
of sites in the medium.

As4O6 exists at room temperature in arsenolite phase.6 This mole-
cular phase is built up from As4O6 molecules arranged in such a way that
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their centroids occupy the lattice points of a diamond structure (a — 11*06
A). The basic unit is a three-sided pyramid with the arsenic atom at its
apex and the oxygen atoms at the other three corners. Four such units
are bonded together through the oxygen atoms, to form a molecular unit,
As4O6. Weak van der Waals forces bind As4O6 units into a crystalline
molecular lattice.

The data of lifetimes of positrons in arsenic oxide can be interpreted,
if we suppose that the usual slow component T2 arises out of ortho-posi-
tronium atoms annihilating within the crystallite by the pick-off process,
while T4 is due to ortho-positronium atoms annihilating in the intercrystallite
regions. Above 100° C. As4O6 begins to vaporise appreciably, and the
size of the crystallite is reduced. The continuous mass thus formed by
fusing together of crystallites at about 135° C. has a glassy appearance. It
is known that the polished surfaces of arsenolite begin to exhibit roughen-
ing6 when heated beyond 95° C. Arsenic trioxide glass, known to possess
a semi-ordered structure, prepared by heating As4O6 in vacuum up to 500° C.
does not exhibit T4.

A decrease in the volume of the intercrystallite sites can also be achieved
by subjecting the material to sufficiently high pressures. As4O6 pellets
prepared under a high pressure of 100 tons/sq. inch (as compared to 0-5
to 0-75 tons/sq. inch, used normally) show a measurable decrease in T4.
The irreversible disappearance of T4 at about 135° C. is reproduced for these
samples also.

The Laue transmission patterns obtained with MoKa radiation for
crystalline As4O6, As4O6 heated up to 200° C, and arsenic trioxide glass are
shown in Plate I, Fig. 1. The pattern for crystalline As4O6 consists of
discrete spots, which merge into continuous rings in the pattern for the
arsenic trioxide glass, the sample heated up to 200° C. showing an inter-
mediate pattern.

The powder photographs for these samples obtained with Cu Ka radia-
tion are shown in Plate II, Fig. 2. The large angle scattering, seen for
crystalline As4O6, shows a decrease in intensity for the sample heated up
to 200° C. and is nearly absent for the arsenic trioxide glass. These results
show7 that the crystallite size of the sample decreases upon heating and that
the arsenic trioxide glass is in a semi-ordered crystalline form. These
results and the observed variation of T4 with temperature and pressure
are consistent with the suggested origin of r4.
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T2 (NANOSECONDS)

TEXT-FIG. 2. Observed values of I, and T, for (1) Polycryslalline As4OBt (2) Ar
Trioxide (glass) heated to 500° C, (3) Polycrystalline Sb«OSj (4) Trioxane, (5) Polyoxymethylene
p]otted over the V T , correlation curves.

,

ANTIMONY OXIDE (Sb4Ofl)

Antimony oxide has a structure similar to that of arsenic oxide,* but
the sample is composed of crystallites very much smaller in size, as indi-
cated by the Laue transmission pattern and the powder photograph for
Sb4O6 shown in Plates 1 and 11 respectively. Sb4O8 exhibits only one delayed
component r2 = 3 • 1 ns with an intensity I3 = 5%. The values of T9 and
I2 do not change when the sample is heated in vacuum up to 500° C. The
Laue pattern and the powder photograph for Sb4O6 heated up to 500° C.
are found to be similar to those obtained for Sb4Oe shown in Plates I and II.
It is interesting to note that the X-ray patterns and positron lifetime studies
are together useful in investigating such structural changes,

TRIOXANE

Crystalline trioxane has the property that it polymerises in the solid
state8 under irradiation by y-rays, and retains a highly crystalline character
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even in the polymer phase. The crystalline character of these two phases
has been studied extensively by Okamura et al.s by X-ray diffraction.
Trioxane in polymer phase (polyoxymethylene) was obtained by irradiating
polycrystalline trioxane monomer with y-rays from a 22-5KC source of
Co60. The polymer phase is separated from the monomer phase by dis-
solving the monomer in methyl alcohol. The results of lifetime measure-
ments of positrons in both these phases of trioxane, given in Table I, show
that the monomer phase exhibits only one delayed component T2 == l-2ns
with an intensity of 27%. The polymer phase exhibits two delayed compo-
nents, the longer one T4 = 13 ns having a much smaller intensity I4 ~ 0-4%.

A correlation between the value (r2)and the intensity (I2) of the delayed
component based on a free volume model for molecular materials has been
reported earlier.1'9 Here the intensity is plotted against r2 for molecular
materials in different states of aggregation, and three distinct curves are
obtained for fully amorphous solids and liquids, semi-crystalline polymers
and crystals. The point for Sb4O6 lies on the crystal curve. The point,
corresponding to crystalline As4O6, lies near the crystal curve, while that
corresponding to semi-ordered arsenic trioxide glass lies between the curves
for crystals and polymers. The points corresponding to trioxane monomer
and trioxane polymer fall very close to the crystal curve.

These results seem to suggest that the second long component ( r j
observed in the lifetime spectrum of positrons in arsenic oxide is probably
due to ortho-positronium atoms annihilating by the pick-off process in inter-
crystallite sites. This conclusion seems to be justified by the observed
changes in T4 in arsenic oxide as a function of temperature and pressure
and by the X-ray diffraction patterns.
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FIG. 1, X-Ray Lauc Transmission Patterns

(a) Polycrystalline AsjOe (c) Arsenic trioxide Glass
(A) As4O0 heat-treated upio 200° C. (d) Polycrystalline Sb,Oa
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ABSTRACT

Experimental data on the distribution of times of arrival of electrons
(and muons) in extensive air showers produced by cosmic rays in the
energy range 1012-1019 eV have been examined to see if there is any
evidence for a departure of the velocity of ultra-high energy particles
from that of light as suggested by the model proposed by Pavlopoulos.
No evidence for such a departure has been found. An upper limit to the
"fundamental length" occurring in the theory is obtained as ^10~21 cm.

PAVLOPOULOS1 has suggested the possibility of breakdown of Lorentz in-
variance if electromagnetic radiation obeys the wave equation

( - / 0
2 V 4 + D ) ^ = 0 (1)

where l0 is a universal constant of dimensions of length (M0~13 cm.). The
relation between frequency and wave number for radiation obeying (1) is
given by

where c is the velocity of light. From (2) we can write the relation between
group velocity and wave number as

v
_

c ~ ( l+ / 0
2 A: 2 )* '

In Fig. 1 is given a relation between j8(= v/c) and /0E, where E is
the energy of the photon. Since the change in p is significant at /0 E > 10~14

BeV cm. we can find effects of this in the time structure of extensive air
shower particles produced by ultra-high energy cosmic ray particles in the
atmosphere, if values of /0 < 10"16 cm. are involved. For the purpose
of analysing available data on the time structure of extensive air shower
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particles, we have made the plausible assumption that if (1) is valid for
photons, for particles with non-zero rest mass the familiar formula

(4)

t
fi

0 1
10" IOV 10' 10" 10

Fio. 1. The relation between velocity (j3=u/c) and X ^ I 0 u /OE where /0 is in cm. and E in
BeV.

is modified as

(5)

such that (4) is valid when /0 -*0 and the velocity relation (3) holds good
for particles of non-zero rest mass at energies ^> moc*.

We have made a Monte Carlo calculation of the time spread in the
electrons at a given level in y-ray initiated showers in the atmosphere. In
this calculation we have further assumed that cross-sections for pair pro-
duction and bremsstrah-lung for photons and electrons respectively are
given by the usual Bcthe-Heitler formula at extremely high energies although
a finite /„ < 10-16cm. may be introduced. It may be mentioned here that
even at high energies most of the cross-section will be accounted for by
low momentum transfer processes and only at high momentum transfers
of the order of several GeV/c could there possibly be a change by the intro-
duction of /<, of the above magnitude. We rule out the possibility of
/ ^ 10-14cm. from present experiments on the validity of quantum electro-
dynamics (QED) down to distances of this order.8 It is of interest to point
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out that the static solution of equation (1) in the presence of a point charge
leads to

which form occurs also in Lorentz invariant modifications of the photon

I propagator in QED.3* Therefore, any modifications of the wave equation
as in (1) should be consistent with known limits of /0 obtained from tests
of QED. However, it is important to note that any limit lower than that
obtained from QED from tests of the consequences of equation (1) does not
necessarily validate QED up to that limit. Further, / l )>10-1 5cm. will
be in conflict with numerous measurements on the velocities of high energy
particles and the validity of Lorentz transformations at accelerator energies.

In Fig. 2 is given the width of the distribution in the time of arrival
of electrons as a function of /0 for a y-ray initiated shower in the atmo-

•Ojwr—I 1 ] 1 1 1 1

t
w

-OOP

« 1000 Cev
a ( 0 0 GeV

1 0 ' Itf1 10'

* — i f

FIG. 2. Calculated width of the distribution of time of arrival of electrons (90% of total
_..iber) in y-ra/"iniiiated showers plotted as a function of /„ for two values of y-ray°energies

The simulated showers had an origin at a depth of 400 gm./cm.1 in the atmosphere and the
widths were calculated at a depth of 800 gm./cm.1

'We are aware of the limitations involved in such simple modifications. See Ref. (4)
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sphere. The spread due to multiple Coulomb scattering of electrons has
not been taken into account in the calculations. We find that the width
is a function mainly of /0 E and relatively weakly dependent on the depth
of the atmosphere at which the shower is initiated (consequently weakly
dependent also on the depth of observation) at least for /0 values well past
the peak on the right in Fig. 2, for a given energy. Thus, in Fig. 3 is made
a comparison of experimental data with curves drawn for various /0 by
scaling up Fig. 2 appropriately for E > 1012 eV. The extrapolated widths
will be somewhat of an underestimate since the range of the cascades will
be larger at higher energies but this will not affect significantly the present
analysis. At the highest energies, y-rays produced in the first few inter-
actions in the atmosphere would account for the majority of electrons at
the level of observation iii the lower part of the atmosphere. At such
energies the time structure at the level of observation due to a nuclear cas-
cade can approximately be calculated by treating the shower as if it is initi-
ated by a y-ray of lower energy ~ 10% of the primary energy. Therefore,
we have not calculated the detailed effects of nuclear cascade in the time
distributions since experimentally the widths increase if at all only at the
highest energies (Fig. 3).

One cannot interpret straightaway that the increase in the time spread of
particles observed at energies ^ 1017 eV could be due to the existence of
an /0 ~ 10~21 cm. The increase can reasonably be attributed to path length
differences among muons arriving at large distances from the core of air
showers (300-1500 m)6 and also to multiple Coulomb scattering of electrons
arriving at those distances.50 In fact, the observed spread at energies <£lO15

eV is generally attributed to multiple Coulomb scattering of electrons alone
since observations are confined to relatively small distances from the core.
At large distances, muons make a significant contribution to the particles
observed. The notable feature of the existence of an /0 is that the width,
as shown in Fig. 3, should change rapidly as one varies the energy by an
order of magnitude, after due allowance has been made for effects of multiple
Coulomb scattering of electrons and muon spread. More measurements
and detailed calculations are necessary at energies ^ 1017 eV to see if there
is an effect due to the existence of an /0 ^ 1O~21 cm. However, it would
be difficult to detect an /0 < 10-24 cm. with the scarce flux of showers of
energy ^ 1020 eV. Thus we can conclude that an upper limit of /0 is
~ 1O~21 cm. This limit would be ~ 10"2S cm., if the entire observed
widths can be accounted for by the normal mechanisms suggested
above.
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EFFECTIVE ENERGY OF V-RAYS„_
incident y-ray energy, expected for various /0 values (in cm.) is given by the curves. The
observed widths, indicated by crossed circles, have been taken from reference (5). The effective
energy of y-rays for the observed air showers have been set at 01 Eo where Eo is the energy of
the showers.
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ABSTRACT

The stability constants of cadmium thiosulphate complexes have
been determined in 25% methanol medium. The stability constants of
thiosulphate complexes of zinc and lanthanum have been determined by
the indirect method using cadmium as the indicator ion.

INTRODUCTION

IN continuation of our earlier work1""3 on the determination of the stabi-
lity constants of complexes which are either irreversibly reduced or even
not reducible at the dropping mercury electrode, the thiosulphate complexes
of zinc and lanthanum have been studied by the indirect method.

EXPERIMENTAL

The apparatus was the same as that used in our earlier studies.
Stock solutions of cadmium sulphate (E. Merck, G.R.), zinc sulphate
(E. Merck, G.R.)> lanthanum nitrate (E. Merck, G.R.) and sodium thio-
sulphate (B.D.H., AnalaR) were standardised by conventional methods.4

RESULTS AND DISCUSSION

Cadmium was chosen as the indicator ion for the determination of the
stability constants of zinc and lanthanum thiosulphate complexes. The
half-wave potentials of cadmium were measured at different concentrations
of sodium thiosulphate. The plot of E* vs. pA indicated the presence of
the third complex and the logarithm of the stability constant was calculated
as 6-3 which was in good agreement with the reported value of 6-33.6

Polarograms of cadmium were also taken in 25% methanol in the pre-
sence of thiosulphate. The stability constants of the complexes were calcu-
lated as log J82 = 5-6 and log j83 = 7-6.

120
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Zinc.—Polarograms of solutions containing 0-4mM cadmium and
0-1 M zinc were taken-at different concentrations of thiosulphate. The
half-wave potentials are represented in Fig. 1. The nature of the electrode
reaction for cadmium was not affected in the presence of zinc. The free
ligand concentration (A) was calculated from the shift in the half-wave
potential of cadmium (read from the smooth curve) in the presence of zinc.

r
A - Cd • O.OBMZn

B - Cd * 0.1M Z*

rto

4

0.6 0.4

Fm. 1. Plots of AEj VS. pA.

The results were also confirmed with 0*05 M zinc. Bjerrum's function,
fi, calculated from the equation

_ wCA-A
C (1)

ta

is given in Fig. 2 B. These values were solved for the stability constants by
the method of Rossotti and Rossotti.6 The values of &, & and j84 are
110, 50 and 2150 respectively, jSl being absent as indicated by the negative
intercept, n values calculated from these values agreed well with the experi-
mental values (Table I).
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TABLE I

SUNDARAM

Experimental and calculated n values

pA

1-6
1-5
1-4
1-3
1-2
1 1
1 0
0-9
0-8
0-7
0-6
0-5
0-4

A
•

*

e
4

•

/

2150.

h

Experimental

0-14
0-215
0-33
0-49
0-71
1-00
1-40
1-82
2-21
2-57
2-92
3-24
3-53

28 */. HETHANOf.
- 0.02M 2/i /
- 0.01M Zn * /

0 */• N*0H /
- 0.0IM Zn I

- 0-W Zn J

/w

/ j

/ /

y
15 W

FIG. 2. H vs. pA.

Calculated

0-14
0-21
0-32
0-48
0-71
1-00
1-36
1-76
2-17
2-57
2-92
3-22
3-45

/
_ Af

//

7

0 5
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Similar experiments were carried out in 25% methanol for the determi-
nation of the stability constants of zinc thiosulphate complexes. The results
are given in Figs. 3 and 2 A. The stability constants were., calculated as log
j89 = 2-79, log ft, ^ 4 * 0 and log jff, ~ 4-78 (from slope).

TABLE II

Free ligand and n values for La-S2O3 system

- l o g CA

1-8
1-6
1-4
1-2
1 0
0-8
0-6

1-6
1-4
1-2
1 0
oa
0-8 .
o-K
0-6'

—log A

La

2-065
1--870
1-670
1-480
1-275
1080
0-890

La

1-75
1-55
1-35
1-15
106
0-96
0-86
0-76

CA-A

= 0-096 M

0 0073
00115
00184
0 0300
00469
0 0760
0-1220

= 0-048 M

0-007
0012
0018
0 029
0 039
0-049
0062
0077

ft

0076
0-12
0-19^
0-31
0-49
0-79
1-27

0-14
0-25
0-38
0-60
0-81
102
1-50
1-60

\ Lanthanum.—The stability constants of lanthanum thiosulphate com-
plexes were also determined by this ̂ method. The half-wave potentials of
cadmium were measured in the presence aqd absence of lanthanum jat diffe-
reht concentrations of thiosulphate (Fig. 4).N The concentration of j the free
ligand and h values (Table II) were calculated by the method explained 'earlier.
The stability constants calculated by the method of Ro'ssotti and Rossotti
aii log ft = 0-82, lOgj82 = 0-6 and log j83 = 2-58. The reported value
fof log ft from spectrophotometric and distribution studies is O-^l7 and
the existence of the third species has also: .been/indicated^"

A2
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ABSTRACT

General valence force constants have been evaluated for GeH3CCH
and GeD8CCH. Generalised mean-square amplitudes of vibration
have been obtained and the shrinkage constants have been calculated
using the perpendicular mean-square amplitudes of vibration. Coriolis
coupling constants have also been determined.

1. INTRODUCTION

THOMAS AND LAURIE1 have made the first precise structural study of the
molecule GeH3CCH from the microwave spectrum and reported the various
parameters. Lovejoy and Baker2 have obtained the infrared spectra of
GeH3CCH and GeD3CCH in the gaseous state and assigned all their funda-
mentals. These molecules belong to the point group Czv consisting of five
totally symmetric at modes and five doubly degenerate e modes, all the ten
fundamentals being infrared active.

Very recently, Rao and Rai3 have determined the general valence
force constants of these molecules but they have transferred many of the
bending and interaction force constants from the previous work.4'5

Further, they have not made use of the latest parameters available from
microwave data1 but borrowed from the earlier work on similar mole-
cules.4*5 Hence, the force constants have been reinvestigated on the
basis of general valence force field using the latest parameters pertaining
to germylacetylene. The generalised mean-square amplitudes of vibra-
126
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tion, shrinkage constants and the Coriolis coupling coefficients have also
been obtained for the first time in this investigation.

2. POTENTIAL CONSTANTS, MEAN-SQUARE AMPLITUDES OF ,

VIBRATION AND SHRINKAGE EFFECT

The symmetry co-ordinates, satisfying the orthogonality and norma-
lization conditions and which transform according to the characters of the
point group C3V have been constructed. The kinetic energy matrix G has
been obtained using the relation G = BM"1 B', where M -1 is a diagonal
matrix of the reciprocal masses and B is the transformation matrix from
Cartesian displacement co-ordinates to internal co-ordinates. The force con-
stant matrix F has been derived assuming a general valence type of potential
function. By solving the secular equation6 |FG — EA| = 0, a reasonable
set of force constants has been evaluated.

The elements of the symmetrised mean-square amplitude matrix 2
have been obtained using the relation,7 E = L AL\ where L and A have
their usual significance. The L matrix has been determined from the general
valence force constants.

The generalised mean-square amplitudes which include the mean-
square parallel amplitudes <(Az)2), the mean-square perpendicular ampli-
tudes, <(A*)2> a n d <(A}02> and the mean cross products <(A* A*)>,
<(A* Aj>)> and <(A^ A )̂> have been obtained by the method of Morino
and Hirota.8 In order to compute these quantities, the symmetry co-
ordinates S are to be expressed in terms of Cartesian displacement co-
ordinates X. They are related through the relation, X = AS, where A is
the transformation matrix given by A = M"1 B' GrK Here G"1 is the
inverse of the kinetic energy matrix and B is such that S = BX. Expressions
have been derived for the paralleled and perpendicular mean-square ampli-
tudes for the various bonded and non-bonded atom pair. Making use of
the elements of E and A matrices in the above expressions, the genera-
lised mean-square amplitudes have been evaluated.

The shortening or shrinkage of the internuclear distances can be cal-
culated from spectroscopic data, using the perpendicular mean-square
amplitudes of vibration as has been pointed out by Morino.9 For the
molecules under study, the following shrinkages are found to exist:
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5 __ T47 T45 _ 156 _ I«7

" 4? "" R + rc + D R rc D '

55 T 57 T 5 6 T 6 7

57 rc + D rc D

where
+ <(Aytj)2)

<(A*ij)2} and <(A.Kij)2> representing the respective perpendicular mean-
square amplitude values.

3. CORIOLIS COUPLING CONSTANTS

Applying Jahn's rule,10 the non-vanishing zeta values are found to
be of the type lz arising from the coupling ex e and £x and ty due to the
coupling ax x e. These constants have been estimated using the matrix
relation, £a = L"1 Ca I/-1, where L is the normal co-ordinate transformation
matrix and Ca (a == x9 y9 z) is the skew symmetric matrix obtained by the
vector method of Meal and Polo.11 The Ca matrix elements are given
below:

ex e Coupling:

A
Cz«ajeb =

3/1
7fl,7b =2\a 3J

1\2

+ )

9a, 9b — 3

2

a,iob= ^Vce + ^ + CJ Me
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= 0

4

2
, 10b = —

-c) He - \

X c Coupling:

= 0

= 0

1,8(1 — C i,gb

•o = - C*!,* = 0

ioo — — C i,iob — g

= - c * , . , b = 0
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,9a = C 2 |95 = 0

3,7b — —

8b = o

^^3,90 ^- 3i 9b ^r

, 10a — ^ 3,10b — -T3

= Cx r* (\

x 1
4,7a = C 4>75 =

= - C*4 9b = -

C«4,! a = - Cx
4,10b = ^-3 (1 + a) c,,Ge

7/3
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'8

= CflGe

where jzx (X = H or D), /xGC, /xc and /*H represent the reciprocal masses of
the rfisnertivf* ntnms jinHthe respective atoms and

4. RESULTS AND DISCUSSION

The molecular parameters1 are given in Table I. The angles a and
j3 are taken to be tetrahedral. The internal co-ordinates, numbering of
atoms and orientation of the principal axes are shown in Fig. 1.

TABLE I

Molecular parameters (A) of germylacetylene

Distance GeH3CCH

r 1-521
R 1-896
re 1 -208
D 1 056

The angles a and /? are tetrahedral

The secular equations have been solved to obtain the F matrix elements.
The frequencies have been finally calculated which agreed reasonably well
with the observed values. The calculated and the observed fundamental
frequencies are given in Table II. The appropriate set of force constants
is presented in Table IIL The mean amplitudes of vibration are given in
Table IV.
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It is found that the stretching force constants of Ge—x and C = Q
obtained in the present study, are in good agreement with the values reported

FIG. 1. The internal co-ordinates, numbering of atoms and orientation of the principal
axes of gertnylacetylene.

for corresponding bonds in related molecules.12-14 The infrared
spectra" and electron diffraction16 studies have shown that single
bonds adjacent to triple bonds in the acetylenes and cyanides are signifi-
cantly shorter than the normal tetrahedral carbon bond. Microwave studies
of the linear acetylenes17-l8 and cyanides18. l8 also show the same effect.
The higher force constants and the smaller mean amplitude values
of the Ge—C^bond maybe attributed to this shortening. The Ge—C
bond is 0-05 A shorter1 than the value reported for methyl germane30 and
is consistent with a change in carbon hybridization from sp* to sp.

"

The generalised mean-square amplitudes of vibration are reported
in Table V. Substitution of deuterium does not affect the parallel mean
amplitudes of the other bonds, but the perpendicular mean amplitudes are
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very much altered. The shrinkage constants are presented in Table VL
The shrinkage effect in GeD3CCH is found to be slightly more than in
GeH3CCH, since the perpendicular mean-square amplitudes are found
to be higher in the former case.

TABLE II

Observed and calculated vibrational frequencies (cmr1) of GeH^CCH and
GeDzCCH

Species Designation
GeH,

Observed

3313-5

2160

2120

843-8

530

2117-2

886

673

643-8

,CCH

Calculated

3314

2065

2120

843
528

2117

885

700

643

GeDjCCH

Observed

3316-5

2052-5

1525

608

518

1525

643-2

673

484

Calculated

3316

2065

1505

607

524

1525

643

678

485
"8

v10 216-4 218 202-8 203

The Coriolis coupling constants are given in Tables VII and VIII.
These constants for the degenerated coupling have been obtained from the
spectral analysis by Lovejoy and Baker.2 They have shown that £8 + £10

= 1-975 and both £8 and £10 might be positive and approximately equal
but slightly less than the unity. The values determined in this investigation
for £8 and £10 are in good agreement with the observation made by them.
Further, they have predicted a value of —0 052 for f6, —0-248 for £7 and
0-364 for f9. Though the numerical values obtained in the present study
are not widely different from those values, the signs of these constants are
found to be exactly reverse.
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TABLE III

Force constants (md/A) of GeH3CCH and GeD3CCH

Force constant GeHsCCH GeDsCCH

/r
/

ffl
fe
fft
f
Jrco
f'i*
Ufr
fa?
J<t>e

2-631
3-273
15-140
5-888
0 1291
0-3373
0-1396
0-1461
0-0160
0 0398
0-0050
0-0018
00055
0 0102
0-0616

-0-0722
-00515

2-663
3-273
15-140
5-888
0 1408
0-3540
0-1228
01241
00001
0 0398
0 0050
00018
0-0117
0 0212
0-0660

-0-0595
-0-0515

TABLE IV

Mean-square amplitudes of vibration (A2) of GeHzCCH and GeDsCCH

Designation GeH8CCH GeD3CCH

w V

<j

aro

aKr
orfa

0-008005
0 002166
0-001329
0005645
0-070530
0-030830
0046620
0-058480

-0-000040
-0-000285
-0-000515
-0-000037
-0000207
—0-000197
0-009650
0015460
0000567

0005645
0-002210
0001330
0-005514
0-052749
0023912
0-050676
0-061626

-0-000052
-0-000269
-0-000503
-0000051
—0-000287
—0-000273
0-007178
0016810
0000843
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TABLE V

Generalised mean-square amplitudes (10~4 A3) of vibration in GeH9CCH
and GeDzCCH

Atom Pair

Ge-X

Gc-C6

cB=c.

C.-H7

X, -X,

x^-c.

X x - C ,

Xx- -H7

Ge- • C,

Ge- • H7

<V • H7

Designation

<(Az)8>
<(A*)2>
<(A^)2)

<(Az Ax))

<(A*)2>
<(A*)2> = <(Aj>)2>

<(Az)2)
<(A*n = <(A>02>

<(Az)2>
<(A*)2> = ((Ay)2)

((Ax)2)

((Ax Ay))

<(Az)2)

<(A>02>
<(Az Ax))

<(Az)2>
((Ax)2)
((Ay)2)

•<(Az)2)
<(AJC)2>
<(Ay)2>

<(Az Ax))

<(Az)2>
((Ax)2) = ((Ay)')

<(Az)2>
<(A*)2> = ((Ay)*)

<(Az)2>
<( A*)2> = <(Ay)2>

GeH,CCH

79-960
277-524
183-775

0-280

21-660
78-236

13-310
136-549

56-450
726-700

284-470
191-250
568-184
75-919

155-684
333-705
296-884

-79-140

225-670
142-976
171-502

-92-056

415-539
663-107
829-888
197-658

24-650
11-987

75-400
765-058

64040
1228-190

GeD3CCHj

56-410
221-876
137-600

0-230

22-120
83-701

13-360
159-200

55-140
782-029

208-970
141-400
455-165

62-621

118-670
293-808
248-942

—61 -268

188-427
99-355

122-856
-69-525

384 023
683-834
873-083
246-950

25-430
17-272

75-200
853-468

64-420
1360-686
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TABLE VI

Shrinkage effect (A) in GeH3CCH and GeD3CCH

Designation GeH,CCH GeD,CCH

4-6 0-015051

0-065877

0-025900

0-017039

0-070975

0-027000

TABLE VII

Zeta values for GeH3CCH and GeD3CCH (e x e) coupling

2*66

Y*
b 77

2*88

Y*b 99

2*10, 10

2*6, 7

2*6, 8

2*6, 9

2*6, 10

2*7, 8

£\.
£*7. 10

£%.»

GeH3CCH

0-01818

0-45327

0-88880

-0-29980

0-96134

-0-47820

-0-30180

0-75010

0-06990

—0-22190

—0-11160

0-13730

0-11670

004521

0-10350

GeD3CCH

0-03568

0-48789

0-89773

-0-31169

0-91825

-0-48395

0-19220

0-77970

009152

0-22664

—0-03680

0-17423

0-05246

-0-08020

0-12844
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TABLE VIII

Zeta values for GeH^CCH and GeD3CCH (ax X e) coupling

CV,—P.

Pi..

Pi. 7

Pi, 8
rw
in
Pi. 10

P& 6

P2. 7

P2.8

p2, •

P2.10

Ps, •

P.. 7

P8.8

P*.
PMO

4*4, 6

P4. 7

P4.8

P4..

b 4, 10

b*5, 6

P5.7

P5.8

P 6 > .

Ps. 10

GeH8CCH

0 0

0-2638

-0-8395

—01309

—0-4529

0

—0-3218

0-3677
0 0072

—0-8450

0-0092

—0-6362

—0-2464

-0-2234

0 1652

-0-7136

0-3274

0-2086

—0-5293

—0-0470

00003

0-2045

0-0188

00590

0-1785

GeDsCCH

0

—0-4704

—0-7606

—0-0568

—0-4450

0

0

0-5064
—00450

-0-8370

00181

—0-6102

0-2747

—01860

0-2193

—0-7196

0-3214

—01269

-0-5473

—0-0581

0 0008

0-2193

—01573

0-0780

0 1377
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For germylacetylene molecule, the following zeta sum rule is found
to be satisfied for the degenerate coupling:

1 0

ft = ^ + 2 = 2022.

Here IA and IB represent the moments of inertia about the symmetry axis
and any other axis respectively.
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ABSTRACT

A compilation on the reactions trp -+ir-p9 tcp ->p°n and irp ->p~p
at nine laboratory momenta between 1-59 and 4-16 GeV/c is presented
and certain common features of these channels bi ought out. Relevant
basic parameters for production angular distribution are obtained and
their values interpreted. It is found that the diffraction peaks do not
shrink as the centre of mass energy incieases.

THIS note presents a compilation on some aspects of certain two-body
channels produced in, the interactions of negative pions with hydrogen.
Exclusively liquid hydrogen bubble chamber data is used in the interest of
uniformity; this insures a meaningful comparison of the relevant parameters
at'different energies since most bubble chamber experiments use more or
less similar criteria in the analysis of events. The present study covers essen-
tially the channels involving elastic scattering and the production of rho
meson in the few GeV region. We have attempted a methodical organ-
isation of the data from experiments1-9 at laboratory momenta 1-59 GeV/c,
2-0 GeV/c, 2-26 GeV/c, 2-7 GeV/c, 2-75 GeV/c, 3-0 GeV/c, 3-3 GeV/c,
4-0 GeV/c and 4-16 GeV/c and investigated their systematics. The present
work aims at making a phenomenological analysis of the experimental data
in which model dependent specific assumptions are avoided as far as possible.

The cross-sections due to the elastic scattering and the inelastic scattering
involving the production of a single pion constitute a significant proportion
of the total cross-section in this energy region. A major fraction of the
single pion production events consists of quasi two-body final states. The
more common of. these final states comprise of a pion resonant state along
140
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with a nucleon, a nucleon isobar along with a pion or a nucleon isobar along
with a pion resonant state. The actual reactions we have studied are:

( 1 ) vT-p->ir-p; ( 2 ) irp (3)

Table I shows the relevant cross-sections from the various experiments. It
is seen that towards the end of the energy region considered the cross-section
in each one of the channels drops rather slowly. With the limited energy
interval that we have at our disposal one is perhaps not justified in asking
whether or not the cross-sections tend towards an asymptotic limit.

TABLE I

Partial cross-section for two prong production in rrp interactions
Cross-section, mb

\
\Momentum

\ Gev/C

\
Channel \

n-p^v'P

vp-t'TrpvP ..

rTp-^iTv+n ..

n"p->'P'p

1-59

9-65
±0*30

4-48
±0*15

6*45
iO-17

1-8
±0-1

1-0
±0«l

2*0

7*34
±0-24

3*28
±0-19

7*08
±0«27

3*0
±0-4

1-2
±0-2

2*26

9-51
±0-39

<#

,,

,.

•

2*7

7-7
±0-3

2-4
±0-2

3-9
±0-2

2-3
±0«2

1*3
±0-2

2«75

7-2
±0*1

2-8
±0*1

3>9
±0-1

1-1
±0-1

0*8
±0-2

3*0

6*3
±0-3

1-8
±0-2

3*2
±0-2

1-2
±0-1

0*6
±0-1

3*63

• 4

2*23
±0-18

3-79
±0-24

1-12

0-35

4*0

6*62
±0-22

2*22
±0-10

3*16
±0*13

0-8
±0-1

0-5
±0-1

4*16

5-77
±0-13

1-88
±0«05

2-85
±0-07

1-52
±0-47

•585
± -032

A common feature of all these two-body reactions is their strong peri-
pheral nature manifested particularly in the sharp forward peaking of the
scattering angular distribution. It is instructive to plot the elastic differ-
ential cross-section on a semi-logarithmic scale as a function of cos 0 where
0 is the scattering angle of the pion in the centre of mass system. The
elastic scattering differential cross-section exhibits a noticeable second maxi-
mum in all the experiments, while some of the experiments also suggest
the presence of another maximum in the backward hemisphere. The posi-
tion of the second maximum is rather poorly defined in most experiments
and sometimes seems to be noticed as a mere shoulder of the fast drop in
the forward peak (as appears to be the case for the data9 at 4-16 GeV/c)
thus suggesting an apparent variation in the structure of the scattering angular
distribution beyond the first minimum as a function of incident momentum.

A4
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The position of secondary maximum in terms of—/ (the squared four momen-
tini transferred to the nucleon) however seems to be essentially the same
at different energies as seen from Table II and Fig. 1.

TABLE II

Position of the secondary maximum in -n~p elastic scattering angular
distribution at different momenta

Laboratory momentum
(GeV/c)

1-59

2-0
2-7
3-0

Position
cos 0

0-05

0-22
0-27
0-47

Position
(- / ) (GeV/c)a

1-12

1-18
1-72
1-29

s

5

2 3

LAI. MOMENTUM

FIG. 1. Position of the secondary maximum in the elastic scattering angular distribution
in terms of (—/) in units of (GeV/c)a versus the laboratory momentum.

Various aspects of this obvious diffraction-like structure have been
studied. The most elementary of these is to fit the forward, |f|«g;0-3
(GeV/c)2, angular distribution to a purely exponential diffraction pattern
of the type:

da
dt

da A l t I

Table III lists the values of the best (it slope A at Ihc various energies for
the three different channels. In the light of the experimental errors one
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TABLE III

143

\ I ab. me-
\ mentum

\GeV/c

Channel \
\

1 . It" L

2, 77

3 . ir~i

fr->p°n

f>->p~p

Slope A in

1*59 2-0

7-29
±0-35

9-1
±0-6

G-8
±9-9

7-5
±0-6

7-7
±0-9

5'8
±0-8

{GeVlc)''<

2*26

8-7
±0-2

1 for dajdt

2-

7
±0
10

±0
9

±0

7

•77
•05
•26
•06
•32
•08

2-

9
±0

7
±0

= {dajdt)

75

-8
•6
•6
•5

3-

6
±0

7
±0

5
±0

0

•8
•7
-4
•7
•9
•9

rAltl

3-

9
±0

9
±1

3

•

-3
-9
•1
•2

4*

8
±0

8
±0

8
±0

0

•53
•49
•7
•7
•8
•7

4*16

7*36
±0-14
,,

,,

can qualitatively say that the value of A for a particular channel is essen-
tially the same at different laboratory momenta and there is not much diffe-
rence in the A-values for the three channels thus implying the existence of
a more or less definite interaction size. The value of A = 7-6 ± 0 - 5
(GeV/c)~2 for the elastic scattering channel obtained by the least squares
method as the. best fit to the data discussed here is in agreement with the
value 7 -4± 0-2(GeV/c)~2 found by a spark chamber experiment10 in the
interval 2-3-6-0 GeV/c. We would like to observe however that A has
certainly not reached the rather constant value of 9 (GeV/c)"2 suggested
by high energy experiments.11 Further, the A-value corresponding to channel
2 is consistently higher than that for the other two channels. This might
have something to do with the peculiar nature of the exchange trajectories
in case of this channel as contrasted with those for the other two channels.
The question of exchange trajectories is further discussed in one of the
following paragraphs.

One can compute the square of the imaginary part of the forward
scattering amplitude from the optical theorem:

Im f(o) = ^-M x (total cross-section).

These optical theorem predictions for the elastic scattering channel are
compared with the experimental forward scattering cross-section in Table IV
and Fig. 2. They indicate that for most of,,the data considered in this
energy region the contribution to the scattering cross-section from the imagi-
nary* part dominates over that from the real part of tjie wnplitu<Je, Tjtf
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experimental value of the forward cross-section is however always appre-
ciably larger than the theoretical one thus being consistent with the presence
of some real part. Column 4 of Table IV lists the magnitude of the ratio
of the real part of the forward scattering amplitude to the imaginary part
of the forward scattering amplitude. These numbers must be
interpreted in the light of the errors coming from uncertainties in the
total cross-section, limitations in obtaining the experimental forward cross-
secfton by an extrapolation procedure and the fact that the effect of Coulomb
scattering has been neglected. Saxer12 has computed this ratio on the basis
of ths predictions of dispersion relations. In our energy interval his value
ranges from 13 to 21%. A set of counter measurements by Foley et ah13

yield an effective ratio of about 30% in the momentum range of 8 to 10
GeV/c with a fast energy dependence indicated by the near vanishing of this
ratio around 12 GeV/c. Optical model with constant opacity, a, gives for
the elastic and total cross-section, respectively, the expressions TTR2(1— a)2

and 2TTR2 (1 — a). The ratio (elastic cross-section)/(total cross-section)=
(1— a)l2 is presented in Table V and Fig. 3. Our compilation is consistent
with an essentially constant 50% absorption in the region of investigation.
Our value of the ratio is considerably larger than the rather constant value14

of 0-172 ± 0 004 quoted for the energy region 8 to 20GeV.

t 100

oCO

2

EXPEfttMENTAl

, i
OPTICAL *

I 3
LAD. MOMENTUM

Fie 2. Forward differential cross-section computed from the optical theorem, and experi-
mental values, as a function of incident momentum.

50.2

LAft. MOMENTUM

FIG. 3. Momentum dependence of the ratio of the elastic to the total cross-section, jhe
ed line is the upper limit of thfe ratio in the Van Hpve roodel^
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In the model of Van Hove15 elastic scattering amplitude asymptotically
becomes pure imaginary when a large multiplicity and a weak correlation
among secondary particles produced in inelastic collisions is assumed to-
gether with a Gaussian form for the inelastic overlap function. Several
quantities of interest can then be determined in terms of the exponent of
the overlap function and a parameter called/0(range: 0 to 0-5). The ratio

TABLE IV

Forward cross-section (nib): optical theorem and experimental points.
Magnitude of the ratio of the real part of the forward cross-section

to the imaginary part of the forward cross-section

Momentum Optical Experimental | Re/(o)/Im/( ) |
(GeV/c)

1-59
2 0
2-26
2-7
3 0
4 0
4 1 6

59-1
64-3

62-1
561
52*0
48-9
44-5

±0-8
±1-1
± 1-0
±0-9
±0-8
±0-7
± 1-0

60 ±4
91 ±7
68 ±3
73 ±3
79 ±6

' 53 ±5
' 47 ± 1

0-1
0-6
0-3

0-5
0-7
0-3

0-2

TABLE V

Ratio of elastic to total cross-section, viz., (1 — a)/2

Momentum (GeV/c) (1—a)/2

1-59
2 0
2-7
2-75
3 0
4-0
4-16

0-30
0-22
0-23
0-22
0-20
0-23
019

±001
±001
±0-01
±0-01
±0 01
±0-01
±001



146 S. K. TULI

of the clastic cross-section lo the lotal cross-section is predicted to in-
crease with f0 and attains the value 0-185 for the upper limit. Figure 3
shows the experimental values of the ratio along with the upper bound pre-
dicted by the model. Though the experimental values have not quite reached
ths limit, there is not much difference between the two even at a relatively
low momentum of about 4 GeV c.

TABLE VI

Cross-section affixed value of t for different channels at the various
laboratory momenta
Cross-section, mb

Momentum
\ . (GeV/c)

Channel — / \
vunus ^^
of M2)

•R"p-^K~P 2

6

10

14

it~p+p°n 2
*~>n ir

6

10

14

TTp->p-p 2

6

10

14

1-59

0-99

0-51

0-26

0-14

0*26

0-13

0*06

0-03

0-11

0-07

0-03

0-02

2-0

1-75

0-96

0-44

0-28

0-2G

0-13

0-07

0-04

0-09

0-06

0-03

0-02

• 2-7

1-10

0-63

0-36

0-20

0-19

0-09

0-04

0-02

0-12

0-06

0-03

0*02

2-75

• •

-•

• •

0-17

0*08

0-04

0-02

0*09

0-05

0-03

0-01

3-0

1-71

0-99

0-58

0-32

0-17

0-12

0-07

0-04

0-13

0-08

0«0J

0-03

I 4-0

1-20

0-00

0-24

0-20

0*21

0-10

0-0 3

0-02

0-14

0-07

0-03

0-02

4-1C

0-66

0-36

0-20

0-11

• a

• •

• •

• •

• •

• •

• •

The behaviour of the width of the diffraction pattern is now examined
in terms of the gross predictions of Regge Pole Theory.16 Channel 1 admits
the exchange of the following trajectories: P [Vacuum trajectory with
aP (0) ~ 1), F (having same quantum numbers as P but with aP. (0) ~ 0 - 5 ] ,
p [with ap (0) ~ 0 - 3 ] and AlUt (which is required to understand the pre-
sence of a backward peak). Channels 2 and 3 can both accommodate a n as

as AS .A? trajectory is not Y r̂y different from/> trajectory. At higher
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energies the effect of small J trajectories, like w, presumably becomes un-
important. Channel 3 can in addition proceed through the exchange of an
co [aw(0) ~ 0 - 2 ] or a <f>. The two trajectories are so close that they act as
only one pole. The two-body channels 2 and 3 have also been examined from
another point of view. The experimental decay angular distributions for p
have bean extensively studied in the light of peripheral model corrected for
absorption17 and suggest that both the reactions are dominated by pion
exchange. In case of channel 3, however, the best fit to data requires the
inclusion of some contribution from the vector exchange. By analysing
p" data from several experiments in the momentum range of 2 to 8 GeV/c,
Yen eta/.18 have found that the parameter measuring the relative strength
of o) to 7T exchange has a value of — (0-31 + 0-03), if negative or
+ (0-39 ± 0-94), if positive. Some predictions can be made about the
behaviour of the forward cross-section when a single pole has a dominating
role to play. In case of process 1, vacuum trajectory would obviously have
such a role. This being an essentially flat trajectory implies that the value
of A for this process ought to be the smallest. Of course, we have no
reason to believe that only one Regge pole contributes to the forward cross-
section for channels 2 and 3. For fixed values of t the cross-section
is computed at different laboratory momenta for the three channels.
This is summarised in Table VI and shows that for a given / the cross-
section stays essentially constant with increasing energy for each one of the
three channels. The result is consistent with the non-shrinkage of the diffrac-
tion peak. This is in contrast with the observations on two-body channels
produced in K+P interactions19 (3-5 GeV/c) where the distributions
shrink as the centre of mass energy increases. A one pole Regge analysis
would suggest that the diffraction pattern must shrink logarithmically with
energy. In the high energy limit20

da ( .
eft w

 = / j
dcr, ^ \s

where aj (/) is the leading Regge trajectory contributing to a particular pro-
cess /. Our analysis gives essentially constant daldt at different values of
energy for a fixed momentum transfer and would thus'require an unusually
large value ~ 1 for a-x (/). For process 1 this is consistent with single Regge
pole dominance since vacuum trajectory has a very small slope and as such
a. (/) stays close to 1 for a large range of t. For processes 2 and 3 no single
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trajectory can yield such a large value for a* (t). • One possible simple expla-
nation is that unlike the K+P interactions case, the processes here cannot
be understood in terms of the exchange of a limited number of important
trajectories; further unlike the K+P case the high energy range of applica-
bility of the Regge pole analysis may not have been reached in TT p scattering
at laboratory momenta considered in this work.

We conclude that the three reactions examined are all characterised
by strong peripheral production. They fail to exhibit, within statistics,
any shrinkage of the diffraction peaks and one is thus not able to describe
them qualitatively in terms of a simple Regge pole model.
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ABSTRACT

In the present paper we discuss the stability of the interface between
two layers of incompressible and inviscid fluids of different but constant
densities, streaming in different directions. The velocities in the diffe-
rent directions of the two fluid layers give rise to the concept of cross-
velocity. We show that it destabilizes the interface while if p and U are
continuous functions then it has stabilizing effect.

1. INTRODUCTION

THE stability of an interface between two fluids in relative motion was first
investigated by Helmholtz (1868) and Kelvin (1910) and it was shown that
stable arrangement in the absence of streaming becomes unstable, however
small the relative velocity of the fluid layers may be. It corresponds to a
physical situation where wind is blowing over stagnant or streaming water.
It is also true that the direction of streaming and the direction of wind will
not, in general, be the same. Therefore, we may say that upper layer of
fluid has two components of velocity in general; one in the direction of
streaming of lower layer and another perpendicular to it and in the same
plane. We shall call it cross-velocity. So far the effect of cross-velocity
has not been discussed at all in the literature. Intuitively one feels that
it is bound to make the system more unstable. In the present paper we
confirm it analytically and further investigate the extent to which it makes
the system unstable.

The immediate question, similar to the question posed after Kelvin
and Helmholtz and later answered by Taylor (1931), Goldstien (1931), Drazin
(1958), Miles"(196i) and Howard (1961), also arises here. "Will cross-velo-
city have similar effect if density and* velocity are continuously varying?"
We make an attempt to answer this question. Unlike the problem of Miles,
150
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Howard and others, velocity at any point in the fluid is allowed to h.ivc
arbitrary direction in the plane parallel to the plates and vary continuously
as a function of transverse co-ordinate. We shall note that the cross-velo-
city, under the conditions stated above, has stabilizing character.

2. FORMULATION OF THE PROBLEM

The heterogeneous and non-viscous fluid is confined between two rigid
plates at a distance 2a apart. Origin of the co-ordinates is taken in the
middle of the plates which are parallel to x - y plane, z-axis is taken to
be perpendicular to the plates. The initial state of the system is given by

(z)9 U2(z), 0]

p=p(z)

p = p CO-

The linearised perturbation equations of momentum, continuity and in-
compressibility are

Tz

where «', v\ \v\ 8p' and 8/?' are the disturbances in velocity, density and
pressure respectively. We make normal mode analysis so that x, y9 z and t
dependence of any perturbation quantity /' (x, y9 z91) be given by

/' Cv, y9 z, t) = (q - c)f(z) exp / (kxx + kyy - c/) (4)

where

After putting these disturbances in equations (1), (2) and (3) and carrying
put elimination of w, v, 8/> and Sp, we can obtain one equation in w '
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Assuming the density variation of the type P = pfle~Pz where ,8 is constant,
the equation in w is

D [pWDw] + Pk2 [pg - W2] w = 0 (5)

where

with the boundary conditions

w = 0 at z = — a and a (6)

If we apply the transformation G = W* w to the equation (5), we obtain

(pWG')' - [i (pq'Y + k*PW + pW-1 (i q'* - ^A:2)] G = 0. (7)

Obviously, G has to satisfy the boundary condition

G = 0 at z = — a and a (8)

Hereafter the prime will represent the derivative with respect to z.

The non-vanishing of (q — c) is ensured by the assumption that c\ ^ 0.
Multiplying the equation (7) by G*, the complex conjugate of G, and inte-
grating within the limits of z, we get

—a

Equating the imaginary part of (9) to zero, one gets

V - a

= 0. (10)

Since c\ ^ 0," the equatiQn (10) is HQt satisfieel if



Effect of Cross-Velocity on the Stability of Superposed Fluids 153

If a is the direction of wave vector with the axis of x9 then the sufficient
condition for stability is

1 a(a-6) (11)

where

u'2 = VW2~TW2.
While in the absence of cross-velocity and with a = 0, the sufficient condi-
tion for stability is

J (* )>*- (12)

Since right-hand side of (12) is greater than the right-hand side of (11), the
region of stability is more for U2 ^ 0. It confirms the stabilizing character
of cross velocity.

We also conclude from above discussion that in the absence of cross-
velocity U2 = 0, the condition for stability for three-dimensional distur-
bances takes the form

J > i c o s 2 a . (13)

Again the right-hand side of (13) is smaller than that of (12) confirming
that for U2 = 0, three dimensional disturbances are more stabilizing than
two-dimensional disturbances. Therefore, for obtaining sufficient condi-
tion of stability only two-dimensional disturbances need be considered.
This has earlier been proved by Yih (1955) in an alternative way.

But in the presence of cross-velocity U2 the sufficient condition for
stability, for three-dimensional and two dimensional disturbances are res-
pectively

J > i c o s 2 ( a - 0) (14)

and

J > i c o s 2 0 . (15)

Thus for U2=£0 three dimensional disturbances have more destabilizing
effect than two-dimensional ones, hence cne has necessarily to considcf
three-dimensional distub
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3. STABILITY OF AN INTERFACE BETWEEN TWO FLUID LAYERS

We now consider the stability of the interface between two fluid layers
of different but constant densities px and />2 both having the constant stream-
ing at an angle 0 to each other. If U and V are the velocities of the upper
and lower fluid layers respectively and if x-axis is chosen in the direction
of V, the stationary state is given by

K = ( V , 0 , 0 )

U = (U cos 8, U sin 0,0) = (Ul5 U2, 0).

The two fluid layers extending from z = - o o t o z = oo are assumed to
be separated by z = 0. p1 is the density of the lower fluid. Then the
equation (5) reduces to the following for determining w in each of the regions

- k2) w = 0 (16)

where

W = kxU1 + kvU2-c for r > 0 (17)

and

W = kxY — c for z < 0. (18)

The general solution of this equatiqn is the linear combination of

ekz and erkz.

Now since w cannot increase exponentially on either side of the interface
at z = 0 and since w/W must be continuous on this surface, the appropriate
solution of (16) can be written as

H>! = A (fcxV — c) ekz for z < 0; ng\

w2 = A (fcxUi + kyU2 — c) e~kz for z > 0. (20)

Now we need only one condition to determine A. We neglect the surface
tension. Moreover, since we are dealing with the superposed fluids, the
continuity of stress normal to interface yields the required condition. It
is obtained by integrating the following equation in from - * to c and theu
taking the limit when € - > 0

WD (pDw) - Pk* Ww - gle2 (Dp) £ ^ 0.
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Integration of the 2nd term yields zero as it is finitely discontinuous func-
tion across the interface. Hence, one gets

Ao WPDW) - gk2 Ao GO ( ^ ) o = 0. (21)

where

and (vv/W) 0 is the velocity at the interface z = 0 using (17)-(20), equation
(21) gives the characteristic equation as follows:

c2 — 2 {a2 (kxVi + kyJJ2) + cL±Vkx} c

+ a2 (kxU1 -(- kyJJ2)* + akx* V2 + gk (a2 - ax) = 0

where

a _. Pi a = Pi
2 Pi + p2 * l Pi + P2'

Thus we obtain

C = {a2Q

±
If a is the direction of wave vector to the axis of x then

C = k {(<*2Ui + aiV) COS a + a2U2 sin a}

± VA: {(«i - <*2) ^ — ^aia2 (U t — V) cos a + U2 sin'a]"2}.

Thus, for the stable arrangement {p1 > p2) in the absence of streaming, the
sufficient condition for stability is that

_ZL^
i - v ) c o s « + U2 sin

The condition (22) will still hold if we replace the right-hand side by a
lesser quantity or in other words instead of {(Ux — V) cos a + U2 sin a}2

we put its maximum {(U, — V)2 + U2
2}. Thus, the sufficient condition

for stability is that

g (04 — a2)
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But if the lajers have the streaming in the same direction (23) will reduce to

k< -*
g (C4 — a2) (24)

Since the right-hand side of (23) is less than the right hand side of (24), the
cross velocity reduces the region of stability and hence on Kelvin-Helra-
holtz-instability it has destabilizing effect.
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ABSTRACT

The kinetics of the chromic acid oxidation of a-hydroxy acids, their
salts and esters has been investigated in binary solvent mixtures of acetic
acid and water. The results indicate that the Westheimer hypothesis of
a rate-determining proton-abstraction from a preformed chromate ester
is unlikely. Substituent and salt effects indicate the likelihood of a mecha-
nism involving a rate-determining hydride ion abstraction assisted by a
proximate substituent.

INTRODUCTION

THE chromic acid oxidation of lactic, malic and mandelic acids was studied
by Dhar and co-workers1 and recently by Bakore and Narain.2 The latter
investigators have explained their rate data in terms of the Westheimer
mechanism,3'4 namely, the rate-determining loss of a proton from a pre-
formed chromate ester. A study of the oxidation of a-deuterio mandelic
acid6 has revealed that the -C-H bond on the a-carbon atom is broken in
the rate-determining step. We have now investigated the chromic acid oxida-
tion of a representative selection of a-hydroxy acids and their derivatives
and a few other related compounds in binary solvent mixtures of acetic acid
and water under conditions of constant ionic strength and pH.

EXPERIMENTAL

All the organic compounds used were of the extra pure variety (Fluka
AG/Koch-Light) and were used without further purification. The experi-
mental procedure was the same as in our earlier publications, the rate of
disappearance of chromic acid being followed iodometrically.6 The speci-
fic rate constants were calculated from the integrated rate equation for
a second-order reaction and graphically. All second-order rate constants

• From the Ph.D. Thesis of S. Sundaram approved by the University of Madras, 1968.
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are expressed as litre-mole"1 seer1. Experiments were carried out in duplicate
and the velocity constants are reproducible within 3%. The stoichio-
metry, hydroxy acid : chromic acid ^ 3 : 2 was obtained in the oxidation
of mandelic acid and bcnzaldehyde was obtained as major oxidation product
in over 80% yield.

RESULTS AND DISCUSSION

The kinetics of the oxidation of mandelic, malic and lactic acids con-
form to a total order of two—first with respect to the gross concentration
of Cr (VI) and also first with respect to the substrate. The individual
orders with respect to the hydroxy acid and Cr (VI) oxide were also con-
firmed by conventional methods. The same kinetic picture was also ob-
tained in the oxidation of ethyl and benzyl mandelates, ethyl and benzyl
lactates and also the salts of lactic and mandelic acids. The second-order
rate constants obtained in different solvent systems of acetic acid and water
are presented in Table I. We have included the rate constants for the oxi-
dation of isopropyl alcohol and a-phenyl ethyl alcohol from an earlier in-
vestigation7*8 for purposes of comparison. The Arrhenius parameters calcu-
lated from the temperature dependence of the rate are presented in Table II.

[CrOj =* 0*006 M
Temp, 46° C.

ComDound

Lactic acid
Malic acid
Mandelic acid
Isopropyl alcohol*
a-Phenyl ethanol*
Ethyl mandelate
Benzyl mandelate
Ethyl lactate
Benzyl lactate
Sodium lactate
Potassium mandelate

TABLE I

[Substrate] -> 0>MM ft = 0.2
k, X 108 litre-mole-11sec.-1

Solvent composition (HOAC)

40%

53-1
63-3

341
2-33
. •

• •

4-33

355

50%

65-5
82-4

456
5-67

32-9
13-5
6 1 6
6-41
3 06

65-6
422

60%

73-2
105
591

11 6
63-8
15-2
7-44
8-57
4 1 0

75-2

70%

• •

10-1

7-01

••

• Fro.n Venkatasubramaoian and Anantakrishnan (I960).
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TABLE II

Solvent composition -. 50fc HOAc — 50% HaO

Compound

Lactic acid

Malic acid

Mandelic acid

Ethyl lactate

Benzyl lactate

Ethyl mandelate

Benzyl mandelate

A E k.cal./mole

9-79

12-0

14-8

13-1

10-6

10-5

131

A S e.u.

- 4 2

- 3 5

- 2 3

- 3 7

- 4 6

- 4 3

- 3 7

The Westheimer mechanism for the oxidation of an a-hydroxy acid
(following that of a secondary alcohol) is as follows:

HCrO4- + H+ ^
R\ A R\ /

C + HtCrO4 ^ C + HfO
/ ^ R'/ \)-CrOfH

R \ / H ilow K v

C + B > ^C=O + Cr(IV) +BH+

(B = base; R = - C H > or -C 6 H 5 ; R/ = -COOH, -COOEt or

An alternative mechanism proposed by Rocek9 and later by Ananta-
krishnan and Venkatasubramanian7 involves a cyclic hydride ion abstrac-
tion.

A unimolecular decomposition of the ester by an internal proton transfer
has been suggested by Kwart and Francis10 and has been modified by Lee
and Stewart.11

The present work^ shows that the chromic acid oxidatiQn of lactic,
pialip and mandelig acids follQws^the or<jl?r
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lactic acid < malic acid < mandelic acid.

Independently looked at, this sequence conforms to the Westheimer mecha-
nism. This is also the order observed by Bakore and Narain.2 But using
results of the oxidations of other derivatives of a-hydroxy acids in our pre-
sent investigations, certain anomalies become apparent. The order with
reference to the hydroxy acids and esters in the case of both lactic acid and
mandelic acid is

lactic acid > ethyl lactate > benzyl lactate

mandelic acid > ethyl mandelate > benzyl mandelate.

Further sodium lactate and potassium mandelate are oxidised at the same
rate as the parent acids themselves. This suggests that the oxidation involves
the same entity. It is likely that under the conditions of the experiment,
at pH 3-5, the hydroxy acids react essentially as the corresponding ions
(pKtt for lactic and mandelic acids are 3-87 and 3-38 respectively). The
anion has also been postulated as the reactive intermediate in the acid per-
manganate oxidation of mandelic acid.12 That the anion is the reactive
entity could be proved in an indirect way. For, if this be the case, the

reaction between this anion and HCrO3 would show a dependence on ionic
strength. This has been experimentally observed in a series of experiments
where the ionic strength has been varied (Table III).

TABLE III

Compound : Mandelic add Temp. 45° c.

S olvent composition
(% v/v)

(HOAc-H8O)

60-40

60-40

60 -40

60—40

(KOAc-KCl)

0-40

0-35

0'30

0-20

0-633

0-592

0-548

0-447

(litre-mole-1 seer1)

4-61

5-07

5-12

5-74
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We also observe an interesting correlation in the oxidation rates of
the acids and the esters.

Lactic acid
6-66 XlO"4

7 times
faster

Mandelic acid
4*66 x

Fthyl lactate
6-41 6

2 times
faster

Ethyl mandelate
1*85x10-*

Lactic acid
6 5 5 X10-*

7 times
faster

Mandelic acid
4

75 times
«

faster

SCHEME 2

Benzyl lactate
3 0 6 l 5

Z times
faster

Benzyl mandelate
6 -16X10-*

(Schemes 1 and 2 are the correlation diagrams for the oxidation of
a-hydroxy acids and their derivatives in 50% acetic acid at 45° C. The
numerical values are the second-order constants in litre-mole"1 seer1).

In both the schemes it is noticed that while the replacement of a -CH3

group, by a phenyl group in the esters, gives a rate enhancement by a factor
of 2, a similar replacement in the parent acids gives a seven-fold increase
in rate. Similarly, while the replacement of a -COOEt by a -COOH group
(ethyl lactate to lactic acid) gives a rate enhancement only by ten times, a
simikr replacement in ethyl mandelate gives a thirty-five-fold increase in
rate. In the benzyl esters likewise an approximately twenty-fold increase
in the lactic acid series corresponds with a seventy-five-fold increase bet-
ween benzyl mandelate and mandelic acid. This correlation, we must point
out, underscores a combination effect that arises when the -COOH and
phenyl groups are present in one and the same compound (viz., mandelic
acid) and not when either the phenyl group alone is present (as in the
mandelates) or when the -COOH only is present (as in lactic acid). Any
mechanism that is proposed for the oxidation of a-hydroxy acids must,
therefore, be capable of explaining this enhanced reactivity of mandelic acid,
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An important experimental fact in this context is the product of this
oxidation. As has been mentioned in the experimental section, the product
of oxidation of mandelic acid is benzaldehyde. This could arise in one
of two ways—either by a spontaneous decarboxylation of phenyl gly-
xylic acid formed as the primary product of the oxidation of mandelic acid
(for example, by the Westheimer mechanism) or by a oxidative decarboxy-
lation in the rate-determining step itself. A choice between these two
alternatives was made as follows:

Phenyl glyoxylic acid does not decompose spontaneously under the
conditions of the present studies. The chromic acid oxidation of phenyl
glyoxylic acid, proceeds at a rate comparable to that of mandelic acid itself

(kz = 3-65 x 10-4 at 40° C. in 50% HOAc) and, more particularly, is oxi-
dised to benzoic acid. This product can arise either by an oxidative de-
carboxylation of phenyl glyoxylic acid or by the oxidation of benzaldehyde
formed by a prior decarboxylation (which does not take place under the
experimental conditions). It is also known that the chromic acid oxidation
of benzaldehyde in aqueous acetic acid is extremely sluggish.13 It is thus
seen that phenyl glyoxylic acid cannot be an intermediate in the chromic
acid oxidation of mandelic acid.

The chromate ester mechanism can explain the formation of benzal-
dehyde as follows:

This process would require the rupture of a Ca—Cp bond and would be
similar to the oxidation of pinacol.14 Such a process would require an
energy of activation of over 18 k.cal./mole and a small entropy of activation.
The calculated values for the present experiments make this extremely im-
probable. Further, this would go against the kinetic isotope effect observed
with mandelic acid.6

In the light of the above experimental facts and discussion, we propose
the following mechanism for the oxidation of a-hydroxy acids by chromic
acid—involving a rate-determining hydride ion loss with a consequent
production of air electron-deficient transition state which will lead to a
ready decarboxylation in situ,
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The partial negative charge on the carbonyl oxygen of the carboxylate
would be largest (equivalent to 1/2 e) in the case of the carboxylate ion,
much less in the case of the carbethoxy group and least in the case of the
-COOCH2C6H5 group. Further, the electrostatic stabilisation of the

,H
HC1O3

slow

-H~HCrQ,1

(R=-CH3>-C4HBrCHtCOOH) Transition state for
acids

-+ RCHO +COi + CrClV) +H.0

N 0-H +HCrOj slow

H—HCrOs

"t$r*
Transition state for

esters

R-C0-C0OR'+Cr(lv;*HaO

electron-deficient transition state (which may be regarded as possessing a
zwitter ionic type of structure due to carbonyl polarization) will be maximum
in the case of the mandelic acid anion in two ways—for the partial positive
charge on the secondary carbon atom is now stabilized both by the proxi-
mate negatively charged oxygen and also by the 7r-electron cloud of the
attached benzene ring. This would then readily account for the extra rate
benefit observed in the case of mandelic acid alone and also for the ready
decarboxylatlon to yield benzaldehyde. The +1 effect of the -COO~
group will also aid a hydride removal. The slower reactivity of the esters
get explained as consequent to a lower stabilisation of the transition state.
That the decarboxylation provides a driving force for the oxidation, is also
seen to be in conformity with the very slow oxidation of /J-hydroxy butyric
acid (sodium salt) and cyclohexanol-2-carboxylic acid (Table IV)—com-
pounds in which the -COOH group is insulated from the carbonium centre
by an intervening carbon atom. It is also pertinent to point out that
y-lactones do not undergo oxidation by chromic acid. For example,
y-valero lactone did not undergo any oxidation in 50% acetic acid at 45° C.
even after three days.
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TABLE IV

Solvent composition : 60% HOAc— B0% H2O Temp. 45° C.

Compound fcaxl0B

(Utre-mole"1 seer1)

Lactic acid .. 65-5

j9-Hydroxy butyric acid sodium
salt monohydrate .. 1-37

Cyclohexanol-2-carboxylic acid .. 2-50
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ABSTRACT

The study of heat transfer in channel flow has been done by previous
authors for Newtonian and elastico-viscous fluids, it is the aim of the
present paper to study the temperature profile for flow of a micropolar
fluid in a channel induced by a constant axial pressure gradient, when
the walls are maintained at constant temperatures. We have examined
the effects of microrotation on the temperature profile and on the kinetic
energy of the fluid. Three cases have been chosen by us for detailed
study: (i) both the walls are maintained at different constant temperatures,
(ii) both the walls are maintained at the same constant temperature,
(iii) one wall is kept at a constant temperature and there is no heat
flux at the other wall.

1. INTRODUCTION

THE equations determining the velocity field and temperature field within
a fluid in motion are, in general, interrelated. However, when buoyancy
forces are disregarded and when the properties of the fluid may be assumed
to be independent of the temperature, the velocity field does not depend
on the temperature field, while the temperature field does depend on the
velocity field. One of us2 (R. R.) has recently studied the problem of velo-
city distribution in steady pressure gradient flow in a channel of a micropolar
fluid. The aim of the present paper is to study the process of heat transfer
in the above flow when the walls are maintained at constant temperature.
We have examined the effects of microrotation on the temperature profile
and have compared the results with those of forced convection in New-
tonian fluids.3 Previous authors4""6 have investigated the nature of the
temperature distribution in the above type of flow of several elastico-viscous
non-Newtonian fluids and have studied in particular the effects of elasticity
on the flow.
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We use the energy equation of micropolar fluids given by Eringen1

in which the presence of coefficients of viscosity and gyroviscosity account
for the heat generated by frictional and microrotational effects. More-
over, the presence of microrotation modifies the kinetic energy of the fluid.

In the numerical work, we have taken a number of values of the
product of the Prandtl and Eckert number corresponding to both moderate
and high velocity distributions in the following cases:

(i) both the plates are kept at different constant temperatures,

(ii) both the plates are kept at same constant temperature,

(iii) one plate is at a constant temperature and the heat flux from the
other plate into the fluid is prescribed.

2. FORMULATION OF THE PROBLEM

We choose a rectangular Cartesian system with the axis of x in the
direction of the flow and the two plates are given by y = h and y = — h.
In the case of incompressible flow, the equations determining the velocity
and temperature of the fluid are:

= 0, (2.1)

— P,k + (*v + Pv) flfcfci + (H>V + Kv) vkt u + K,,€jclmvm j

+ />(A-fyc) = 0, (2.2)

(<*v + Pv) vl, kl + YvVkM + KffCfcifoVroji — 2K,,vfc

+ p(lk-Pk) = 09 (2.3)

and

, kvi, k — qk,k + ph, (2.4)

where A,, /*„ J£, are coefficients of viscosity, a,, 0F, y¥ are coefficients of
gyroviscosity, p is the density and./ is a constant on the assumption of micro-
isotropy of the fluid, (vk\ (vk) are the velocity and the microrotation vectors
respectively, c is the internal energy density per unit mass, (qk) is the heat



Heat Transfer in Channel Flow of a Micropolar Fluid 167

flux vector and h is the heat source per unit mass, (rfjd) is the deformation
rate tensor and (<om) is the vorticity vector given by

(2-5)

a suffix following a comma denoting covanant differentiation.

The components of velocity and microrotation in the case of channel
flow induced by a constant pressure gradient dp/dx have been determined
earlier.2 Choosing

(2.6)

and non-dimensionalising according to the following scheme:

p

we obtain

u = 1 — v8 — n* - cosh a — cosh ay
«2 + W3 ' a ' slnh a

sinh av
^ sinha •

where

a i M *3(2Ka+jia) ( 2 . 8 )

W2 + «3

ti and v satisfy the boundary conditions of "No slip" and "No micro-
§lip" at the channel wall, namely

u « 0 on y » ±rJ, v = 0 on ^ = ±Jlf (2.9)
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In the presence of this velocity field, the equation determining the tem-
perature is given by

where T is the non-dimensional temperature, E the Eckert number and o the
Prandtl number suitably defined.

Case 1

Both the walls are maintained at different constant temperatures (the
upper wall at higher temperature). The boundary conditions in this case
are :

f = TL on y = - h, T = Tu on y = h. (2.11)

Non-dimensionalising the temperature by the following relation:

1 ~ T u - T L '

and defining the Prandtl and Eckert numbers by

we now have to solve the equation (2.10) subject to boundary conditions

T = 0 on y = — 1, T = 1 on y = 1. (2.12)

This gives us the temperature distribution

where

F iy) = - ( ^ - j - ) + ^jn-jfo <°? s i n h *V + cosh a - cosh ay)

(co5h ?a ~ (2.14)
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The first two terras giye the temperature distribution same as the New-
tonian fluid with viscosity (2/^, + Kw), while F(y) takes account of the
microrotation of the fluid.

From (2.13), we have

dT
dy

a coth q —

and

dT

2n

a CQth a — 1
2/l2 + «o (2.15)

from which we deduce for a viscous fluid without microrotation, the follow-
ing expressions for the temperature gradients at the walls :

drr
dy

2 / 3 x dTI 2 / 3
y-i 3 V4 ) dy\ y ._! 3 V4 ^ v 7

From the first relation (2.15'), it is clear that heat flows into or from the
upper plate into the fluid according as

Ea > or < J.

Hence if we fix Tu and TL, there exists a critical value

Jv snn

of u0 such that when u0 < uoc, the heat will flow from the upper plate to
the fluid, while the reverse happens when u0 > woc. From the second
relation in (2.15'), we find that the fluid always imparts heat to the lower

plate to maintain it at a constant temperature TL.

The total heat flux from the fluid to the walls

d T

(2.16)
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This quantity is always positive and though, when E < 3/4, heat flows from
the wall to the fluid, the total heat flux is always from the fluid to the wall.
The heat generated by friction is given out to the walls.

For micropolar fluids, when dT/dy < 0 at the upper wall heat flows
from the fluid to the wall. This occurs when

T2 _ acotha — 11
2-

Since (a coth a — 1) is always greater than zero, the effect of microrotation
is to raise the critical value of E<r below which heat flows from the warmer
wall to the fluid. That is, the critical value of u0 is raised above which
the heat begins to flow from the fluid to the warmer wall. The total heat
flux from the fluid to the walls

K (Tu — TL) OT7 (2 a COth a — 11 /o io\
= h -2E<rj~ x — V . (2.18)

Since (a coth a — l)/(2«2 + "3) is always less than 2/3 for all n2 and «3 the
Ifeat flux will be from the fluid to the wall, the cooler wall will always take
heat from the fluid, while the warmer wall takes heat from the fluid when
Eor exceeds a critical value. The total heat flux for a micropolar fluid is
less than that for the corresponding Newtonian fluid with a coefficient of
viscosity (2/iw + Kv). This suggests that there is less dissipation of kinetic
energy within a micropolar fluid and this results in the temperature at each
point of a micropolar fluid being less than that for a Newtonian fluid.

We study next the kinetic energy (K.E.) of simple microfluid, which
includes in it the contribution due to microrotation also. If V be a material
volume of the fluid, the kinetic energy in V is given by

K.E.=i J J P'vk'vk'dv'. (2.19)

V do v '

Since

Vie' = Vk "4- Witt n (1 7.0i\

K.E. = i J pvk
2 dv + \ J

V V

where

J p'dv' = pdv, J p'fl dv' = 0,
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and

isl is a constant for the deformed body called the 'micro-inertia moments'.
In the case of a micropolar fluid

pi = fisl = J

/. K.E. = J / pvk2dv+{ f P̂ te2<*«• (2.21)
Y V

In the present case, we have

K.E. = o pu* h \ t> r-— ^coth a ( Y 3) +
2 r J L15 n2 + nz{ V3a a3y a

/?3
2 (3coth^a— 1 — 3 cothaha)

+ -2 - 3- coth a - \ coth2a ) 1 . (2.22)

Numerical computations, performed for micropolar fluids with
(n2+ns)j0 = 4n3/a

2, show that the kinetic energy for this class of micropolar
fluids is less than that for the Newtonian fluids. Moreover, from the first
equation in (2.8), we conclude that at each location the fluid velocity for
these micropolar fluids is less than that for the Newtonian fluids.

Case 2

Both the walls are maintained at the same temperature Tc. Non-

dimensionalising the temperature f by

T „ T-Te

and defining

"C '"0 -̂"D / I i x/" \ /*> "> \̂
rL =r: w rt —— C I JII»* -\— K.««l 1/ /<1
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we solve equation (2.10) subject to boundary conditions

T = 0 o n ^ = ± l . (2.24)

This gives

where F(y) is given by (2.10).

The first term gives the contribution of a Newtonian viscosity
The second term being always negative (as noted by numerical compu-
tation). We notice here also that the temperature at each point of the
fluid is less than that of the corresponding Newtonian fluid. Computing
dT/dy at the two walls, we find that the fluid gives less heat to the walls
than the Newtonian fluid. The total heat flux from the fluid to the walls
in this case

"2 a c o t h a — l i K T c[2 a C O t h a - 11 KTC

Case 3

There is no heat flux from the fluid to the lower wall, that is the lower
wall is perfectly insulated against the heat flow. Let us maintain the upper

wall at a constant temperature f u and define the dimensionless temperature

T by T = (f — Tu)/f u. Using the relations (2.23), and solving the equation
(2.10), under the boundary conditions

T = o at y = lr

= ° a t J > = - 1 . (2.27)

we obtain

^ - { FOO-0 -^(acotha- 1)}.

(2.28)
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Again T is less at each point of a micropolar fluid than for the correspond-
ing Newtonian fluid.

We have at the upper wall

dT
dy

_ r 2 . acotha — IT
= 2E<X I — -x -\ x :

r-l L 3 2/l2 + «3 J

so that there is heat flux at the upper wall. The heat flows from the
fluid to the upper wall, the heat flux being less than that for a Newtonian
fluid. The maximum temperature within the fluid occurs at the lower wall,
and this adiabatic wall temperature is given by

T ^ r2 acotha —

3. DISCUSSION OF RESULTS

Case 1.—We have performed numerical calculations for two specific
micropolar fluids whose parameters are given by n2 = nz = 2/3 and n2 =
6/35, w3 = 6/7. The velocity profiles for these two fluids lie within the
Newtonian parabolic profile so that the velocity at each point of these
fluids is less than that for the corresponding Newtonian fluid. It is noticed
that for given value of Ea, the temperature at each point of these fluids
is also less than that for the corresponding Newtonian fluid. Besides, a
higher value of Ea is required before the fluid begins to give heat to the
warmer wall, the critical value of E<r for the Newtonian fluids is 3/4, while
for the above micropolar fluids it is 0-98 and 1-232 respectively. As the
ratio w3//i2 increases for micropolar fluids, the temperature profile conti-
nuously recedes from the Newtonian profile and there is less dissipation of
kinetic energy within the fluid. Figures 1 (a) and 1 (b) show the temperature
profile for this case. We note that in the case of Newtonian fluids, there
is a greater dissipation of K.E., more heat is generated and the warmer
wall gets heat from the fluid for a smaller critical value of «0, than for a
micropolar fluid. In order to control the large generation of heat within
a Newtonian fluid and to increase the critical value of w0, additives may be
added to the fluid to make it micropolar in nature.

Similar observations are noticed in Cases 2 and 3. Figures 2 and 3
show the temperature profile for these cases.
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ABSTRACT

The slow stationary flow of a viscous liquid about porous spheroids
is examined. The solution describing the Stokes stream function is
found to be a one-parameter family of surfaces and for special values
of the parameter we recover the flow past impermeable spheroids. The
ranges of the parameter are determined and the case of the porous
sphere as well as that of a porous disc are deduced as limiting case.

1. INTRODUCTION

THE effect of porosity of walls on the velocity and pressure distributions
of the flow of a viscous liquid in space bounded by the walls was originally
considered by A. S. Berman1 assuming the velocity of leaving the walls
to be independent of position. Adopting the same boundary conditions,
J. R. Sellars2 and S. W. Yuan3 considered some further problems.
In the case of viscous flow through an annulus with porous walls,
A. S. Berman4 has set the rate of injection at one wall equal to the rate of
suction at the other wall. In all these problems the permeability velocity
on the boundary is assumed to be given. There are also problems in which
the permeability velocity is not known in advance and is to be determined
in the process of solution and in such problems the properties of the porous
medium of the body, about which the flow takes place, are important.

The slow stationary flow of a viscous liquid about porous shells is a
problem of this type. Recently, A. I. Leonov5 has examined the flow
about a porous spherical shell whose thickness is small compared to the
minimum defining dimension of the region of the flow, adopting the condi-
tions on the porous boundary surface that the component of the permea-
bility velocity in the tangent plane is zero and that normal component of
Jhe velocity is continuous across the boundary. In this paper we investigate
the slow stationary flow of a viscous liquid about porous spheroidal shells,

177
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adopting the boundary conditions mentioned above. Even as in m
9 the

solution provides a single parameter family of spheroidal boundaries. The
Stokesian flow past spheroids with impermeable boundaries given by
L. E. Payne and W. H. Pell6 concords with the present solutions for special
values of the parameter. The solution in L5] for the case of a permeable
spherical boundary as well as that for a porous circular disc are also
obtainable from the present solutions by some limiting procedures.

2. FORMULATION OF THE PROBLEM

Let us consider a uniform stream flowing past a porous spheroid placed
with its axis of symmetry in the direction of stream as referred to a system
of cylindrical polar co-ordinates (JC, r, 0) with the axis of symmetry as x-axis.
Let u9 v, w be the velocity components in the directions of JC, r, 0 respec-
tively. Let us further take that the free-stream velocity U is in the in-
creasing direction of x. In this situation, the flow will be axi-symmetrical
and hence w=0. The equation of continuity now becomes

7>x • r l

If ^ is the Stokes stream function defined by

1 d<A 1 W
(2.2)

the equation of continuity is satisfied. The equation to be satisfied by 0
in the case of Stokesian flow is

L - i V = O (2.3o)

where

T r a / I *>\ . a / I d\T
L"x = r itoVrto) + YrVrVrJi (23 b)

Let Re and R4 be respectively the regions external and internal to the porous
surface. Let &, and fa denote the stream functions regular in Re and R|
respectively. Let da and dn be respectively the elemental line-segments in
the tangential and normal directions to the surface (in the meridional plane).
The problem then is to obtain regular solutions of the diflferential equations

L**fc = 0 in R. ( 2 # 4 a )

- O in
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subject to the following boundary conditions:

(i) 0e-»£Ur2 at infinity, (2.5 a)

(ii) -& =,o = ^ on the porous surface, (2-5 b)

and

(iii) ^ = -J& at the porous surface. (2.5 c)

3. PROLATE SPHEROID

The transformation

z = c cosh £ ( c > 6) (3.1)

where z = x + ir9 £ = f + fy gives x = c cosh £ cos ^ and r = c sinh £
sin 77, thus introducing elliptic co-ordinates in the xr plane and therefore
the curve £ = f 0 *s an ellipse in the meridian plane whose semi-axes
are c cosh £0, c sinh £0. Thus £ = f 0 defines a prolate spheroid and in the
exterior region Rc of this spheroid we have £ > £0, 0 ^ 77 < w while in the
interior region Ri, 0 < £ < £0J 0 < 17 < w. Following L. E. Payne and
W- H. Pell,6 we may take the solution of L_x

a 0 = 0 in the form

(3.2)

where r̂fc (JC, r) denote any solution of

oo<*<oo). (3.3)

Put cosh i — s, cos 17 = r and let cosh £0 = -V

It is easily seen that (cf. E. W. Hobson7)

_ f in Re

LPn (s) Pn (0 in Rt

and

„ fQm^C^Pm^WinRe . . .

Pm(1) (*) Pm(1) (0 in Ri ~ ' ' ' *
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where Pn and Qn denote Legendre functions of the first and second kind
respectively and the superscripts in (3.5) indicate differentiation. To accord
with the requirements of the regularity, we choose

*e = \ *r* \\ - $ AnQn(*)Pn(0 - 2 BmQmU) to
Z, L n s B 0 m - l

jft =

* = i Ur* f 2 CP, (s) Pn (0 + 2 DmPm<» (s

, (3.6)

To match the conditions of the problem, we take Ax = 0 = Clf An =0
= Cn (n> 3,4,5, . . . ) and B2 = 0 = D2, Bm = 0 = Dm ( m ^ 4, 5, 6, • . . ) .
After inserting expressions for Pn , Qn and noting that r = c sinh f sin r\,
we have

- ^2) [1 - AQ0 to -
to - D (5f* - 1) Q3̂ > to] (3.7)

(s* - 1) (1 - *2) [E - F (Ja + «•) + G*V] (3.8)

where A, B, C, D, E, F, G are constants.

It can easily be seen that ip1 and ^3 as taken in (3.4) and (3.5) vanish
at infinity, i.e., as ,s->oo. Thus the condition (2.5 c) is satisfied. The
other conditions (2.5 6) and (2.5 c) correspond to

at S = s0, -

The vanishing of the derivatives in (3-9 a) at s = st and for all t in — 1 <
t <, 1 is possible only when the coefficients of different powers of t in
the derivatives vanish when s = s9 and hence we get

B [2s0Q (s0) - Qt (s0)] + 10 DQ8 (s0) = 0, ( 3 . 1 0 a)

2s0 - A [2soQo (s0) - 1] + B [4s0Qa (s0) - 2QX (5o)J

- 2CQ! (s0) + 12DQ, (J0) = 0, (3> 1 0 A)
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The continuity of the derivatives in (3.9 b) at s = s0 for all * in — 1 <
t < 1 is achieved by equating the coefficients of like powers of t on both
sides when s = s0 and thus we have

3BQ2 (s0) + 5DQ3
(1> (*o) = G fa,2 - 1), (3.11 a)

- 2 + 2AQ0 (s0) - 8BQ2 (s0) + 2CQ1<
1> (s0) - 12DQ,<" (J0)

4G*0
2 (V - !)• (3.116)

From the muster of equations (3.10) and (3-11), we see that

(3.12 a)

c

D -

E =

F =

where

A =

and

A'-

A'

[3 - 3 AQ0 (s0) - 21
•

G(s0*— l)[(250Qa(
A'

= G(250
a-l)

= 3 [s0 — (J0
9 + 1) Qo

= fiQi^ (j0) Qs fa) —

The velocity components can be

5Q8
a) fa) - 2G (3s0* - 2) (jo

s

3Qxw (so)

s0) — Qi fa>)J

fa)]

Qi fa) Q»(1) fa)-

determined by

- D ]
>

(3.12 c)

(3.12 d)

(3.12e)

(3.12/)

(3.13 a)

(3.13ft)

7 i - • . " " , , ^ , ( 3 . 1 4 a )

and

— » l * (3-14ft)
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It can be seen from (3.9) and (3.14) that the components of velocity are
continuous across the spheroid. The expression for q± and q~ in (3.14 a),
(3.14 b) are indeterminate when s = 1, t =± 1, which give the foci ( x = ± c9

r = 0). However, the singularities herein are removable and limits at
those points exist. From (3.12), we notice that A, B, C, D, E, F are func-
tions of the constant G, which we call the porosity parameter. We have
therefore a single parameter family of regular flows with normal permea-
bility at the surface. When G = 0, the stream function fa identically vani-
shes throughout R* and so G = 0 corresponds to Stokes flow past an im-
permeable prolate spheroid. The solutions (3.7), (3.8), (3.12), (3.13)
concord with the results in M on putting the parameter G = 0 . '

The normal velocity at the surface is given by

Ws-s. = Vo = 2GU (*• - 1)8/2 ( V - ,2)i u ( 3

The pressure is to be determined by the equations

*P = - f t *L-i0 *P _ ft *L-!0 _.__ v

is c ( ^ 2 - l ) It ' it ~ c ( l -fa)"~dj~ (3.16a)

where

^ ^ t ^ ^ S f + O ^ S P ] . (3.166)
We therefore have

[6BQ. (.) - f ± A ] + const, in R,. (3. „ a)

Pi — - 4G(550* -3)>±-st + const, in R4,-st + const, in R4, (3 > 1 7

Leaving the additive constants in the above, we see that the pressure is
discontinuous on the porous surface and this discontinuity is responsible
for the flow across the porous surface. The jump p in the pressure at the
surface is given by

= ^~s 03 - o/»X ( 3 . 1 8 a)

where

a - 6BQ1 fo>) + 4GJ 0 (5J0* - 3), (3
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and

j3 = <wc
2 - 2B - A. (3.18 c)

For physically possible flows, we must have

for - 1 < t < 0, Vo < 0 and Afc, > 0

and

for 0 <f <; 1, V0S*0 and

Thus it is essential to have G> 0 and j3 — at* < 0 for all t (— 1 <*• < 1).
It can be shown that o > 0 when G > 0. Hence, we must have /? < 0 when

. This leads to the restriction

0 < G < G 0 ' (3.19 a)

where

3A'
" [ 1 0 A ( V - 1){3VQxfo , ) - iJQs^

(3.196)

which can also be expanded in powers of 1/J0 in the form

G - tf\j5j5s7) n „ ,
° ~ ft J w * • — r * (319 c)

The drag D on the spheroid is obtained on using the formula

D = 2«e« (so* - 1)* T [»(V - D* (Tu ~ T*tt),-,.

^] A, (3.20)

where T{{, T{n are fluid stresses and the superscripts e and i indicate
the regions to which they belong. Thus we have

D = 4w/tUcA. • (3.21)

When
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and we have

D = 8TTUC [(V + 1) Qo (*o) - Jo]"1 (3-21 a)

for the impermeable prolate spheroid.

The spherical polar co-ordinate system (p, </>, 6) can be regarded as a
limiting system of the elliptic polar system (f, ^, 0) by allowing c—*0,
5—>oo but keeping cs = p. Then -q-+<i>. To recover the results of
A. I. Leonov6 for the Stokes flow past a porous sphere of radius a, we
may put G = (4A — 1) c*/2a4 and allow c ->0, $-> oo but keeping cs = p
and cs0 = a, where A is the porosity parameter. We find that the results are
concordant.*

We find that the results are concordant.*

4. OBLATE SPHEROID

The transformation

>0) (4.1)

where z = x + ir, £ = £ + vq gives x = c sinh £ cos y, r = c cosh £ sin r\
thus introducing elliptic co-ordinates in xr-plane and therefore the curve
f = f0 is an ellipse in the meridian plane whose semi-axes are c cosh f0,
csinhfo and f = £0 giv e s the oblate spheroid. In the exterior region Re

of the spheroid we have £ < f o ; O ^ * ? < ^ and in the interior region R|,
0 < € < &; 0 < v < w. Let cosh 1 = 5, sinh f = T, COS J) = t, cosh fo^o*
sinh £0 =

 To» As before we seek solutions *fi of the type 0 = JUra(l — 01

— 03). It is readily seen that7

» = f Qn (IT) Pn (0 in Re

* lPnr (fr) Pn (0 in Ri = 0 , 1 , 2 , . . . (4.2)
^•* T»r V " / — T* \ ' / •

and

w = ^ 2, 3, . . . (4.3)

•The expression 8/3w ijUa (11-35 A) for the drag in the case of a sphere in '*> is slightly
defective though it yields the correct value when A*»l/4 for an impermeable sphere. The actual
expression is 8w <njU (1— A).
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Here we choose

tfk = \ Ur2 fl - S AnPn (0 Qn (fr) - Z BmPm(1) (') Qm(1) (*)]
^ = z L »-t «-i J (4.4)

* = J Ur2 f J CnPn (0 Pn 0>) + ? DmPm(1) (0 Pm(1) fr)l
•^ L«»c «-i J"

By a procedure similar to that used in the preceding section, we find the
solution to be

1 (T* + 1) (1 - f*) [1 - IAQO (IT) - iB (3t2 - 1) Q2 (ft)

- iCQx'" (IT) - iD (5/2 - 1) Q8
(1) (ft-)]

and

where

= JUca (T* + 1) (1 - i2) [E - F (T2 - t*) -

[6-4G(V

„ [ 1 O G ( T O
2 + D Q . 0>B = ^

(4.5 a)

(4.5 6)

(4.6 a)

(4.66)

_ [3 - 3AiQ, (IT,) - 2DiQ,'» (iV0) - 2G (3T,« + 2) (T0
2 + 1)]

D

E =

G (V + 1) [2iVn Q, (ITQ) -

F = G ( 2 T O » + 1 )

A = 3 [T0 - (r,« - 1) iQ0 (,V0)]

and

A' = 6KU» (IT,) Q, (,VO) - <Qi (iV0) 0,0) (,V0).

The velocity components can be determined by

ft- "J ¥

(4.6 c)

(4.6<0

(4.6 e)

(4.6/)

(4.6*)

(4.

(4-7 a)
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* & (4.76)

and so the normal velocity at the surface is given by

(*<)r-T. = 2GU (T0* + 1)3/2 (TQ2 + ,a)* ,. (4.7

The pressure is then determined by the equations

Ip _ — p

where

^ [ ^ ^ ] (4.86)

Thus we have the following formula for the pressure

Pe = ^ [" 6BQX (fr) - ^ T F ] + const'

Pi = - 4G(5ro2 + 3) «*£-' + const. (4.9 6)

The jump AP in the pressure at the surface is then

(A/Or. = ^ ^ 7 2 G* + ^a) (4.10 a)

where

a = - 6BQ! (iV0) + 4G (5r0* + 3) T0 (4. io b)

and

fi = ar0
2 —2B - A. (4.10 c)

For physically possible flows we must have G> 0 and j8 + a*2 < 0 for all
* (—1 < t < 1). It is easy to prove that a > 0 when G > 0. Hence, we
must have a + J3 < 0 when G ^ 0. Thus we have

0 < G < G 0 (4.11a)
where

G 3A'
° ° " 2 (TO» + 1) [- 5Q, (iV0) {3 (ro> +

A' {(ro» + 1) + A^o (5TO» + 3)}]
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which (on) expansion in terms of l/s0 is representable as

G _ 7 T5TT

The drag D on the spheroid is given by

D = 2*c* (ro2 + 1)* •?

^ r0 V r = ^ 2 } * (4.12 a)

and we see that

D = 4TT/IUCA. (4.12 A)

As in the preceding section, from these results again we can recover the
results corresponding to a sphere by a limiting process.

S. CIRCULAR DISC

As T0 —> 0, the oblate spheroid degenerates to a circular disc of radius
c facing the flow normally. In this case, the following results can readily
be obtained from those of oblate spheroid by letting T0 —• 0. The stream
function reduces to

0 = \

for the whole space of flow. The limits of the porosity parameter are given
by

0<G<£ (5.2)

and the drag is given by

D = j ^ U c (3 - 2G). (5.3)
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ABSTRACT

X-ray K-line intensity ratios a2/a2, pjfa and j3iB//V have been calcu-
lated following the method due to Payne which accounts for the retar-
dations. In addition screening has been included. It is found that
a-line intensity ratios are given best by Sommerfeld screening but that
Slater screening is better for the/Mines. Field theoretically corrected
energies have also been used and it is found that the agreement is less
favourable. The necessity of including the potentials corresponding to
these effects as perturbations to the wavefunctions has been pointed out.

INTRODUCTION

IT is well known in X-ray spectra that the intensity ratios K a 2 /K a l and
K/33/K/31 are both equal to 0*5. This is a characteristic associated with all
the spin relativity doublets since the value 0*5 is found to be independent
of Z the atomic number except in case of low Z elements where the L and
the M levels are influenced by the chemical effects and by solid state pro-
perties. Since this value agrees well with the non-relativistic estimates of
the intensity ratios, its validity remained unquestioned till the experiments
done with the heavy elements (Z = 75 and above) revealed distinct depar-
tures. These accurate measurements were made by Beckman.1 Since the
inner levels of the heavy elements hardly show any response to the chemical
bond effects one presumes that these levels retain their atomic character even
in the metallic state of these elements; the K and the L levels in uranium,
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for example, are supposed to remain atomic in uranium metal. For this
reason one has to look elsewhere in order to account for the observed devia-
tions in the intensity ratios. The first obvious choice is to carry out the
relativistic intensity estimates. A calculation in this direction was done
by Massey and Burhop2 who used Slater screening for determining effective
Z. However, their results do not agree with Beckman's measurements.
More recently Payne and Levinger3 and Taylor and Payne4 have pointed
out the necessity of including the retardation in the relativistic estimates
of the transition probabilities. In the approximation of hydrogenic atoms
the latter reference mentions that the X-ray line intensity estimates are correct
up to 1%. They have compared the relativistic estimates of the transition
probabilities, and hence the intensity ratios, for a number of elements with
and without retardation. Curves without retardation show deviations from
the experimental points that are larger than the corresponding departure
of the non-relativistic estimates. On including retardation this discrepancy
disappears, and the calculated values approach nearer to the observed ones,
at least for the a-lines. For /Mines the curves are still at some distance
from the experimental points. However, Payne et al. have neglected
screening in their calculations expecting the corresponding effect to be very
small.

We intend to present here the results of retardation calculations with
screening included. The screening effect for a-lines is small but for j8 it is
comparable with retardation itself. In contrast to the earlier results the
new curves pass midway through the experimental points.

CALCULATION OF OSCILLATOR STRENGTH

Our method of calculation is exactly the same as that of Payne.6 To
include the screening Z was replaced by Z - a. The oscillator strengths
are given by

(/ab)is-np* — a C&1 Cfl f a 4 - 3 * r \*m{kr) ,""I I 9 y is 5P| ~r A SisJn) — i — rar

(/ab)is-nP8/2 — — - x r* Sin I it!*! I
| / i s £P3/2 — I T — rdr I

Uo J

(1)
16

n' J
r(2y+l)Vn'l
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X F (-*

„ = Vr(2y + M- + 1) / 1 + € / j Z
T(2y + 1) V/*7! V4N(N - * ) \ l W

(Signs of / and g as used by Payne)
(Eqn. 14.37 of Bethe and Salpeter6)

V +(n' + r)*
(Eqn. 14.29 of reference 6)

where/and g are the two component Dirac wavefunctions as given by Bethe
and Salpeter,6 fab is the oscillator strength and € is the energy of the emit-
ted photon. The photon wavenumber k in units of af1 is 137-0 times the
energy differences of the quantum states in me2 units. The intensity is
given by

lab = ^s <»*abfab (2)

where a>ab is the angular frequency of the emitted line.

All the calculations were done with a CDC 3600 computer. Our results
for zero screening agree with those of Payne.

Tables I, II and III contain the results for Katil (K — Ln ,n i), K/jstl

(K —Mn,ni) and Kp,11*1 (K —Nn , i n) lines respectively. Calculations
were done for the three cases, viz., a = 0, a = ax of Sommerfeld and o—s
of Slater.



192 T- V. KRISHNAN AND AMAR NATH NIGAM

TABLE I

Oscillator strengths and intensity ratios for K-Hnes {with Dirac energies)

z

70

71

72

73

74

75

76

77

78

70

80

81

82

83

84

85

80

87

88

89

00

01

02

a=0

•2121

•2102

•2082

•2062

•2042

•2021

•2001

•1080

•1957

•1937

•1916

•1894

•1872

• 1850

•1828

•1806

•1783

•1760

•1737

•1714

•1691

*1668

•1644

(Somm,)

•1011

•1007

•1003

•0998

•0993

•0987

•0981

•0975

•0974

•0961

•0955

•0047

•0945

•0963

•0923

•0915

•0906

•0897

•0888

•0879

•OSGO

•0860

0850

Oscillator

(Slater)

•1837

•1824

•1810

•1705

•1780

•1765

•1750

•1734

•1718

•1701

•1684

•1667

•1650

•1633

•1615

•1597

•1578

•1560

•1541

•1522

•1503

•148*5

• 1463

strengths

a=0

•1149

•1145

•1141

•1137

•1133

•1130

•1126

•1123

•1119

•1116

•1113

•1110

•1107

•1104

•1101

•1098

•1095

•1092

•1089

•1086

•1083

•1081

•1078

Ka,

(Somm.)

•0540

•0549

•0540

•0548

•0548

•0548

•0547

•0547

•0540

•0546

•0545

•0544

•0546

•0560

•0541

•0540

•0530

•0538

•0537

•0536

•0535

•0533

•0533

(Slater)

•0999

•0997

•0995

•0993

•0991

•0990

•0988

•0986

•09S4

•0082

•0980

-0979

•0977

•0975

•0973

•0972

•0970

•0068

•0967

•0965

•0063

•0961

•0959

I

...

•5030

•5056

•5075

•5004

•5115

•5137

•5161

•5185

•5211

•5239

•5267

•5298

•5329

•5362

•5396

•5432

•5469

•5507

•5547

•5588

•5630

•5674

•5718

IT IT vJ&gS/l A

(Somm.)

•5321

•5339

•5358

•5378

•5398

•5421

•5444

•5468

•5492

•5521

•5550

•5580

•5609

•5631

•5678

•5714

•5752

•5791

•5832

•5875

•5920

•5966

•6014

Ol

a-S
(Slater)

•5136

•5154

•5173

•5104

•5216

•5239

•5263

•5289

•5317

•5346

•5376

•5408

•5441

•5476

•5512

•5550

•5589

•5630

•5672

•5716

•5761

•5808

•5856
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TABLE II

Oscillator strengths and intensity ratios for Kp-lines (with Dirac energies)

z

70

71

72

73

74

75

76

77

78

79

60

81

82

83

84

85

86

87

88

89

90

91

92

o=0

•0431

•0428

•0425

•0422

•0419

•0416

•0412

•0409

•0406

•0402

•0399

•0395

•0392

•0388

•0385

•0381

•0377

•0374

•0370

•0366

•0363

•0359

•035*

(Somm.)

•0085

•0084

•0084

•0083

•0083

•0083

•0084

•0084

•0084

•0084

•0085

•0085

•0085

•0085

•0084

•0084

•0084

•0084

•0084

•0083

•0083

•0082

•0082

Oscillator

(Slater)

•0301

•0300

•0299

•0298

•0296

•0295

•0294

•0292

•0291

•0289

•0287

•0286

•0284

•0282

•0280

•0278

•0276

•0273

•0271

•0269

•0266

•0264

•0261

strengths

a»0

•0198

•0197

•0195

•0194

•0193

•0192

•0191

•0100

•0189

•0188

•0187

•0186

•0185

•0184

•0183

•0182

•0181

•0180

•0180

•0179

•0178

•0177

•0176

(Somm.)

•0046

•0046

•0046

•0046

•0046

•0046

•0047

•0047

•0047

•0048

•0048

•0048

•0049

-0049

•0049

•0049

•0050N

•0050

•0050

•0050

•0050

•0050

•0050

(Slater)

•0151

•0151

•0151

•0151

•0150

•0150

•0150

•0150

•0150

•0149

•0149

•0149

•0149

•014S

•0146

•0148

•0148

•0147

•0147

•0147

•0146

•0146

•0146

...

•4500

•4504

•4508

•4513

•4520

•4527

•4535

•4544

•4555

•4566

•4578

•4591

•4605

•46L9

•4635

•4651

•4668

•4685

•4703

•4722

•4741

•4760

•4779

I K^/I Kpi

(Somm.)

•5458

•5477

•5498

•5519

•5542

•5563

•5585

•5608

•5632

•5657

•56S4

•5712

•5741

•5772

•5804

•5837

•5872

•5909

•5947

•5987

•6023

•6072

•6117

(Slater)

•4978

•4987

•4997

•5009

•5021

•5035

•5050

•5066

•5084

•5102

•5122

•5144

•516f>

•5190

•5216

•5242

•5270

•5299

•5330

•5362

•5395

•5429

•5464

A5
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TABLE III

Oscillator strengths and intensity ratios for Kp2
li

9
I-Hnes (with Dirctc energies)

2

70

71

72

73

74

75

76

77

78

79

80

81

82

83

84

85

86

87

88

89

90

91

92

a=0

•0160

•0159

•0158

•0167

-0156

•0155

•0154

•0152

•0151

•0150

•0149

•0148

•0146

•0145

•0144

-0143

•0141

•0140

•0139

•0138

•0136

•0135

•0134

a — Oi

(Somm.)

•000436

•000464

•000431

•000424

•000425

•000445

•000464

•000483

•000601

•000518

•000535

•000551

•000567

•000581

•000595

•000608

•000620

•000632

•000642

•000652

•000661

•000669

•000676

Oscillator

(Slater)

•004887

•004954

•005017

•005075

•005128

•005177

•005220

•005259

•005294

•005324

•005350

•005372

•005389

•005403

•005413

•005418

•005420

•C05419

•005414

•005405

•005393

•00537S

•005360

strengths

<r=0

•0070

•0069

•0069

•0063

•0068

•0067

•0067

•0066

•0066

•0066

•0065

•0065

•0064

•0064

•0064

•0063

•0063

•0062

-0062

•0062

•0061

•0061

•0060

X

(Somm.)

•000247

•000263

•000246

•000243

-000245

•000257

•000269

•000281

•000293

•000306

•000317

•000328

•000339

•000349

•000360

•000370

•000380

•000389

•000398

•000407

•000*15

•000423

•000431

<T=S
(Slater)

•00265

•00269

•00274

•00278

•00281

•00285

•00289

•00292

•00295

•00298

•00301

•00303

•00306

•00308

•00311

•00313

•00315

•00317

-00318

•00320

•00322

00323

00324

I

<r=0

•4307

•4305

•4305

•4305

•4307

•4309

•4312

•4316

4321

•4327

•4333

•4341

•4349

•4368

•4367

•4377

•4387

•4398

•4409

•4420

•4431

-4442

•4453

OssQ1

(Somm.)

•5655

•5675

•5704

•5730

•5756

•6780

-5805

-5831

•5858

•5886

•6916

•6946

•5977

•6010

•6044

•6080

•6117

•6155

•6195

•6>37

•6280

•6325

•6371

<r=S
(Slater)

•5418

•5432

•5447

•5463

•5481

•5490

•6519

•5540

•5562

•5585

•5611

•6637

•5665

•5695

•6726

•5758

•5793

'•5829

•5867

•5906

•5947

•5991

•6035



TABLE IV

No.

Ai

A2

A8

Bi

B 2

B S

Ci

C2

ca

Jh

D2

D 8

Ei

E*

E8

Energy
used

in
<i>

Dirac, <r=0

Slat.

Somm

Dirac

Using <TX and <*§
of Sommerfeld

Dirac with o?i
and <r3

Field theo.
corrections

Field theo.
corrections

Field theo.
correctors

Energy-
used
in

Dirac, cr=O

,, *<=S Slat.

,, c=ffi Somm.

Dirac with 0*1, o% of
Sommerfeld

Dirac with *lt cx of
Sommerfeld

Dira-, <r«0

„ <r = S Slat.

,, j ff=sffi Somm*

Dirac with <n and a 2
+fieU theo. correc-
tions*

Screening
in Z

in
wavefunction

<r=0

<r=S Slat.

<r=<Ti Somm.

<r«=S Slat.

cr = C\ Somm.

o-=S Slat.

0 =<Tx Somm.

<r-0

cr=S Slat.

<r=<T2 Somm.

(T=0

<r = S Slat.

<r = <Ti Somm.

Remarks

Kat,2

Curve A1( Fig. la

»i Aj , „

»• A3, ,,

* Ias/Iai ranges between
0*24-0*31 from 0-29-
0*36 Curve B3 in Fig.
la

* Icu/Iai fangs 0*24-0*31

* „ 0*29-0*36

Results coincide with B3
in Fig. 1 a

Curves Dj. D c . D3 shown
in Fig. 1 b

* W l a i range 0*24-0*30

* I a 2 0-2B-0-37

Curve E3 in Fig. la

Curve Au Fig. 2

11 A21 1,

»» A 3 , , ,

• I^s/I^i -046-08

* „ -117-167

* ., -645-807

* I^s'I^! -04&-077

* „ -117-166

* , -644-801

Curve Di

„ D2 in Fig 2

., D3

* Ipa/Ipi -047-80

* „ -110—170

* „ -eco-sls

Curve Ax, Fig. 3

11 A2, „

Ifljll/Iotl range
•566-637

* -0015-0014

* -037 -070

Curve Bj in Fig 3

* -0015-0014

* -036 --069

Curve C3 in Fig. 3

* -421 -*429

Di in Fig. 3

* *57 - 6 5

* -0015--0016

* -037 —072

* *46 - 5 9

•

4

I

SO
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DISCUSSION

The results of Tables I, II and III are shown graphically in Figs.
2 and 3. The curves for a = 0 correspond to Payne's results. The
following observations can be made from the curves:

The Ka lines.—The calculated ratio Ia-j/laj increases (Fig. 1 a) with
Z though the individual oscillator strengths decrease. As screening increases
the curves are raised up with Sommerfeld screening giving the best Jit with
the experimental points (shown by the solid dots). As shown in the figure
the experimental values contain rather large errors.* The experimental
accuracy should be increased tenfold in order to ascertain deviations from
the best theoretical curve mentioned above. Such deviations will not be
surprising at all because we have not taken into account various field theo-
retical effects. We now discuss the effect of using various theoretical
energies.!

FIG. 1 a

In equation (2) the energy term «* occurs outside the integration sign.
The wavefunctions contain the energy term in the parameter e. In the
calculations mentioned above Dirac energies without screening have been

* VerticaHine at Z = 76 in Fig. 1 a shows the error of measurement.

t Effect of using the experimental energies in w aloae has been discussed by Payne *t.al.



Relativistic Estimates of X-ray K-line Intensity Ratios 197

used, and only the Z in the wavefunctions has been modified by including
screening. Thus the energies used do not correspond exactly to the wave-
functions. If one uses Dirac energies with screening, both in o> and €, Curve
B3 (Fig. 1 a) is obtained which shows that the agreement is worsened. On
including the field theoretical effects in the* energies Curve E3 is obtained.
However, if only a> is modified by using Dirac energies with screening and
field theoretical effects but € contains as before Dirac energies without any
field theoretical corrections, curves shown in Fig. 1 b are obtained. These
have been calculated for various screenings in Z in the wavefunction, they
lie below the experimental points but are certainly above the Curve Ax of
Fig 1 a. It may be noted that the differences between the Curve A3 of
Fig. 1 a and D lf 2, a of Fig- 1 b are greater than 1%, which according to refe-
rence (4) is the limit of accuracy if one works in the hydrogenic approxi-
mation.

We thus conclude that although the energies corrected for various field
theoretical effects give a better agreement with the observed energies of the
lines7"9 their use in intensity estimates [i.e., in Eqn. (2)] worsens the agree-
ment with the experimental intensity ratios. That the field theoretical effects
markedly influence the intensity estimates goes against the conventional
belief that their effect might be too small to be noticeable. The reason
for the worsening of the agreement mentioned above is obvious; the Lamb
shift and vacuum polarisation, etc., correspond to certain potential (e.g.,
Welton potential) which in principle should perturb the usual wavefunc-
tions. A possibility therefore exists that the perturbed wavefunctionsj
might well give a better result, but the use of field theoretically corrected
energies and unperturbed wavefunctions is certainly erroneous, though
it gives a better result than the calculations done without screening. This
qualitatively explains the observation of Payne et ah that if one used
experimental energies in Eqn. (2), one gets closer to the experimental points
(i.e., there is an improvement on the Curve Kx of Fig. 1 a).

The Kp lines.—Here again the ratio IhliPi increases with Z and the
individual oscillator strengths decrease. The same holds for WVI/V-
However, for all the /Mines Slater screening (instead of Sommerfeld screening)
gives a closer fit with the experimental results. This is clear from Fig. 2
for pu 3 and from Fig. 3 for p2\ j82

n lines where the Curve A2 represents the
case a = 0, A2 corresponds to o- = S (Slater) while A3 refers, the results

{Calculations in this direction are in progress.
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obtained by using a — ax (Sommerfeld). The experimental data for
p2

n lines are not available. For &, 3, A2 curve gives the best fit. The D
curves again correspond to the case when field theoretical corrected ener-
gies are used only in w in Eqn. (2).

MAR NATH NlGAM

The suffixes I, 2, 3 refer to cr = 0, u = S (Slater) and a =. at (Sommer-
feld) respectively applied to 2 in the wavefunction. D2 is nearest to the
observed values; again Slater screening giv?s the best fit. We note here
again that these curves correspond to € containing Dirac energies without
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field theoretical corrections. As soon as these corrections are applied to e
the agreement worsens (we have not shown the curves). The range of the
intensity ratios is given in the tabular description that follows. We show
B and C curves for j32 lines whose detailed specifications are described below.
Cases marked * have not been shown in the figures since these values are
absurd. Tables 1, II, III refer to A1( A2, A3 curves in each case.

•10

to « n
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DURING THE PERIOD OF LOW SOLAR ACTIVITY
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ABSTRACT

A detailed study of the composition and eneigy spectra of heavy
nuclei of charge Z^ 3 in the primary cosmic rays has been made duiing
the period of low solar activity, using two stacks of nuclear emulsions
exposed in balloon flights from Fort Churchill, Canada, in June 1963.
Each of the stacks was composed of 120 nuclear emulsions of three
different sensitivities and was exposed at about 3-5 g. cmr2 of residual
air for about 11.1 hr. Reliable resolution of charges of nuclei from
lithium to oxygen was obtained; for heavier nuclei, charge groups were
determined. From the analysis of 793 tracks of nuclei with Z ^ 3, results
on the following aspects were obtained:

(1) The differential eneigy spectia of L (Z -= 3-5), M (Z = 6-9) and
H (Z = 10-28) nuclei were measuied in the energy intervel 150-600
MeV/nucleon; integral fluxes were obtained for eneigy >600 MeV/
nucleon;

(2) The energy dependence of the L/M ratio at the top of the
atmosphere was determined; the ratios were obtained as 0-45 ±0*06
and 0-29 ±0 -03 in the energy intervals of 200-575, and >575 MeV/
nucleon respectively;

(3) Relative abundances of individual nuclei of Li, Be, B, C, N and
O at the top of the atmosphere were determined as 36, 29, 55, 100, 60
and 106 respectively in the energy interval 150-600 MeV/nucleon;
corresponding values were also obtained for eneigy >600 MeV/nucleon.

•Present Address: Department of Physics, Hansraj College, New Dclhi-7.
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(4) The differential fluxes of multiply charged nuclei measured
by us and by oihci investigators were used to determine the solar modu-
lation between solar maximum to solar minimum. It was found that
solar modulation of the fluxes of M and He nuclei were consistent
with R/J dependence and that the modulation parameter A*? between
1965 and 1957 was about 1-1.

The implications of these tesults are discussed.

1. INTRODUCTION

IT is well known that a detailed study of the primary cosmic ray nuclei in
the vicinity of the earth can provide important information in the under-
standing of the propagation, acceleration and origin of cosmic rays. A
number of experiments have been made so far with the object of under-
standing these aspects of cosmic rays (for summary and references, see, e.g.,
Webber, 1967; Biswas, 1968). The present investigation was undertaken
to study in detail the charge composition, fluxes and energy spectra of the
heavy nuclei of charge Z ^ 3 and of energy> 200 MeV/nucleon during
the period of low solar activity. For this purpose two large stacks of
nuclear emulsions were exposed to cosmic rays in two high altitude balloon
flights from Fort Churchill, Canada, in June 1963.

The two emulsion stacks were flown to altitudes of 3 to 4 g. cmr2 of
residual atmosphere, so that the correction for the loss by fragmentation of
nuclei in the overlying atmosphere was rather small. Nuclear emulsions
of varying sensitivities such as Ilford G-5, G-2 and G-0 were used for re-
solving individual charges of Z = 3 to 8 and for charge groups of higher
charges. In addition, the present analysis is based on a fairly large sample
of 793 nuclei of charge Z > 3 so that statistically meaningful results were
obtained.

In the present paper we discuss first the experimental procedure for
determining the charge and energy of heavy nuclei and then obtain the
relative abundances, fluxes and the energy spectra of these nuclei (or groups
of nuclei) incident at the top of the atmosphere. The energy spectra mea-
sured in this experiment were used together with those of other investigators
to study the solar modulation of the fluxes of multiply charged nuclei from
solar maximum (1957) to solar minimum (1965). The implications of some
of these results are discussed.

A brief report of the experimental results of this investigation was pub-
lished earlier in the form of a letter (Anand et al.9 1966).
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2. EXPERIMENTAL PROCEDURE

Emulsion stack and flight details.—Two identical nuclear emulsion stacks
were exposed on two balloon flights from Fort Churchill, Canada (geo-
magnetic latitude 73-5" N). The first stack (Stack A) was exposed on 15th
June 1963 for 11.2 hr. at a ceiling altitude of 3-1 g. cm."2 while the second
(Stack B) was exposed on 18th June 1963 for 11-1 hr. at an altiiude of
4-3 g. cmr'. The flight curves for the two exposures are shown in Fig. 1.
Tiie amount of packing maurial above the Stacks A and B was negligibly
small and consisted of styrofoam and black tape. During the balloon flights,
the plane of the emulsions in each case was kept horizontal until the balloon
reached ceiling altitude and was then flipped through 90" so that it became
vertical.

EMULSION
STACK
FLfP
1108 U.T

STACK * (SCALE! '

TERMINATION
222O U T

STACK 0 (seat-E m

FLIP AT
-0740 U.T

IS48
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0400 0600

1200

0800

1400
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T I M E I N H O U R S C U T )

FIG. I. Time-altitude curves of Stack A and Slack B in balloon flights on June 15, 1963
and June 18, 1963 respectively.

Each stack consisted of 120 ilford nuclear emulsion pellicles each of
size 10 x 20 x 0 0 6 cm. At ceiling altitude the 10 cm. side was vertical.
The central 90 emulsions consisted of most sensitive (G-5) and less sensitive
emulsions (G-2 and G-0) arranged in a sequence G-5, G-2. G-5, G-2, G-5,
G-0 which was repeated 15 times. These were flanked by fifteen G-5 emul-
sions on either side. After the exposure, the stacks were processed in the
conventional manner. Stack A was analysed by the Bombay group while
Stack B was analysed by the Chandigaih group in an identical manner.

Scanning ami acceptance criteria.- Only the G-5 emulsions from the
middle portion of the stack were scanned systematically. Using a total
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magnification of 15 x 10, a line scan was made along the 20 cm. side at
a distance of 5 mm. below the top edge of the emulsion. Tracks satisfying
the following criteria were accepted:

(1) Projected zenith angle <45° ; (2) dip angle < 11-2°; (3) ionisation
> 8 times that of a singly charged minimum ionising particle; and (4) enter
the stack from the top edge.

All particle tracks satisfying the above criteria were then followed into
the stack until the particles either came to rest, interacted, or left the stack.
In order to make suitable measurements on the interacting particles, it was
necessary to impose additional condition for their acceptance, namely, the
interacting particle tracks should have a length of at least 5 cm. available
in the stack before they produced nuclear interactions.

In order to carefully determine the sanning efficiency of various obser-
vers, about 40% of the total scanning was rescanned by different observers.
The scanning efficiency was almost 100% for particles of ionisation greater
than 16 times minimum and about 90-95% in the case of particles having
about 9-16 times minimum ionisation. Appropriate corrections for scan-
ning loss have been very carefully made wherever necessary.

I*

Heavy nuclei of the primary cosmic rays have been classified into the
following groups: L-Nuclei, Z = 3 to 5; M-nuclei, Z = 6 to 9 ; H^nudei,
Z = 10 to 15; H2-nuclei, Z = 16 to 19; H3-nuclei, Z = 20 to 28; S-nuclei,
Z > 6 ; H-nuclei, Z> 10.

Charge and Energy Determinations of the Heavy Primaries

The identification of charge and the subsequent energy determination
was done by using a combination of the following methods:

(i) Grain-density versus residual range,

(ii) Change of grain-density with range,

(iii) Grain-density versus multiple coulomb scattering,

(iv) Delta-ray density versus residual range,

(v) Chaiige of delta-ray density with range, and

(vi) Delta-ray density versus multiple coulomb scattering.

Since these methods are standard ones and are already discussed in
literature {e.g., Powell et al., 1959; AizuetaL, 1960), only some details rele-
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vant to the present analysis are included here. (For further details, see
Sreenivasan, 1967; Bhatia, 1967.)

Grain-density measurements were done mainly in G-2 and G-0 emul-
sions whereas delta-ray measurements were done only in G-5 emulsions.
The delta-ray density method was used only when the tracks did not pass
through a G-2 or a G-0 plate or when the grain-density was too high to
permit a reliable measurement.

Grain-density calibration.—-All measurements of grain-density were
restricted to emulsion depths 0-15 Zo—0-65 Zo from glass (Zo is the total
thickness of emulsions) where there was no measurable change of sensitivity
with depth. The calibration of measured grain-densities in terms of primary
ionisation of the particle was made by using particles which were known
to be relativistic either from the nature of interactions they produced or
from measurements of multiple coulomb scattering. The comparison of
these grain-density measurements with those of relativistic nuclei showing
charge indicating interactions, e.g., C12—*3a, O16—>4a, etc., was used to
determine the calibration. In most cases plate calibration could be made
by using, on an average, 5 to 6 tracks of relativistic particles in the G-2 and
G-0 plates. Typical calibration curves of G-5, G-2 and G-0 emulsions are
shown in Fig. 2. It is seen from the figure that ionisations up to about 6
times minimum ionisation could be measured reliably in a normal G-5
emulsion, up to about 150 times in a G-2 and up to about 250 times
in a G-0 emulsion. Each observer set up* his own calibration curves for
each emulsion plate used for ionisation measurement. Thus, we have
avoided any uncertainty which might arise due to plate-to-plate
variation of grain-density.

Delta-ray density calibration.—The delta-ray density calibration as a
function of the ionisation produced by heavy primaries in G-5 emulsions
was done by making measurements on relativistic heavy nuclei selected
in the same manner as for grain-density calibrations. For relativistic par-
ticles of charge Z the delta-ray density w3 was thus obtained by using the
relation, n$ = aZ2 + 6, where a and b are constants over a certain charge
interval.

In order to determine the variation of delta-ray density with kinetic
energy for a given charge it is necessary to construct calibration curves,
using particles of known energy. This is so, because for a given charge, ob-
served variation may differ from the theoretically predicted relation, n& ocl/j8a

where flc is the velocity of the particle. Such calibration was done by
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measuring «5 on the tracks of stopping a-particles at different residual ranges
as well as on alpha-particles whose energies were determined from multiple
scattering measurements. Thus from the measured variation of n^with
kinetic energy for alpha-particles, w8 v$. kinetic energy per nucleon (or
residual range) curves for other charges were obtained.

10
tO M 50

I0NIZATI0N. I / I
tee too

i-0
FIG. 2. Calibration curves of grain-density vs. ionisation for some typical G-5, G-2 tfid
emulsions.

The delta-ray density measurements were made using two conventions.
namely, the usual 4-grain delta-ray counting and the long delta-ray" criterion
in which only those delta-rays having projected range greater than 5 p were
accepted. The latter criterion was used when the delta-ray density was too
high for reliable measurements with the 4-grain delta-ray method.

Identification of particles.— From the sample of particles which satisfied
the scanning and acceptance criteria, we separated out singly and doubly
charged particles by following the tracks into the stack and by using one
of the methods of identification as noted above. Particular care was taken
to separate out alpha-particles of ionisation 8 to 10 x I min. from relativistic
Li-nuclei. Thus a total of 793 nuclei of charge Z > 3 were obtained for
further analysis (335 nuclei in Stack A and 458 in Stack B). In order to
analyse these multiply charged nuclei we have grouped them into three
different categories:

(a) Stopping particles (S-particles).

(b) Particles producing interaction after a range of 5 cm. in the stzck
C interacting' particles), and

(<-) Particles traversing the entire stack ('through' particles).

,
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The identification of the stopping multiply charged particles was estab-
lished by using either method (i) or (iv) mentioned earlier. For method
(i), we first used the calibration curve of grain-density vs. ionisation of the
particular emulsion plate (for example, as shown in Fig. 2) and determined
the ionisation of the particle. Then the ionisation vs. residual range curves
for charges Z = 1 to 28 were used. .These curves were derived from the
restricted energy loss vs. kinetic energy and the range-energy relation for
protons as given by Barkas (1965). For method (iv), wa vs. residual range
curves,, for different charges, were constructed according to the procedure
mentioned above. The charge identification of ' interacting' and 'through'
particles was made using one or more of the methods (ii), (iii), (v) and (vi)
mentioned above. Among these groups, we had a class of particle tracks
which showed large change of ionisation (^ 20%) in traversing 5 to 10cm.
of emulsions; identification of these nuclei could be easily made using method
(ii) or (v). The other class of nuclei were those which showed very little
change of ionization in traversing 5 to 10 cm. of emulsion. In these cases
it was sometimes found that method (ii) or (v) was unable to identify whe-
ther it was a relativistic particle of charge Z or a non-relativistic particle
of charge Z-l. In all such cases unambiguous identification was made
by multiple coulomb scattering measurements [method (iii) or (vi)]. Multiple
scattering measurements were made on a Koristka microscope and energies
as high as ^ 3 BeV/nucleon could be measured by this method. Fractional
charges were assigned, using the methods of ionisation v.v. residual range,
change of ionisation with range or ionisation vs. multiple scattering. The
charge spectrum for nuclei of Z = 3 to 9 and of energy < 575 MeV/nucleon
is shown in Fig. 3. In the same figure we have also fitted the expected
Gaussian distribution for an experimentally determined standard deviation
of 0-25 unit of charge for the Medium nuclei assuming the relative abun-
dances of C, N and O nuclei to be 100, 60 and 106 respectively. Similar
fit was made in the case of L-nuclei, with a standard deviation of 0-2 unit
of charge and a relative abundance of Li, Be and B as 36, 29 and 50 res-
pectively. Appropriate corrections for extrapolation of the two change
groups to the top of the atmosphere have been made. For resolving the
component like F which has rather small relative abundance higher degree
of charge resolution is necessary.

For nuclei of energy > 575 MeV/nucleon, a large number of particle
tracks traverse the stack without significant change of ionisation. In order
to obtain reliable identification of these individual nuclei of Z ^ 10, two
independent measurements of charge were made when necessary. This
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so for roughly 10% in the case of M group and 15% in the case of L group
nuclei. Thus the charge of these relativistic or near relativistic nuclei were
determined unambiguously and their energy was known to be greater than
575 MeV/nucleon. For these nuclei fractional charge was not assigned as
only the lower limit of energy is known.

CHARGE

O* I N A Z

RrABUND

(AT TOP OF
ATMOSPH.)

3

0.2

36

4
0.2
29

5 6 7 8
0 2 0 25 0.25 0 25
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Z ft

. J\, A..
NUCLEAR CHARGE,-?

FIG. 3. The measured charge distribution for nuclei of Z=3 to 8 of energy 150-600 MeV/
nucleon. The measured standard deviations in the charge determination are shown. The dotted
lines indicate the normalised gaussian distributions for the measured standard deviations. The
relative abundances of these nuclei at the top of the atmosphere are shown (see text).

The nuclei with charge Z > 10 were assigned charges so that they could
be classified into Hl9 H2 and H3 groups of nuclei.

The energies of all the multiply charged stopping particles at the point
of entry in the emulsion stack were determined using the range energy rela-
tion curves in emulsion (Barkas, 1965). The energies of the interacting
particles and the 'through' particles were determined either by the scattering
measurement or by using the method of change of ionisation with range.
In order to determine the flux values of different groups of nuclei at the top
of the stack, each accepted particle of Z ^ 3 crossing the scan line was given
weight factors to correct for the loss due to interaction in the stack and
that due to scanning efficiency. Thus a stopping particle with a residual
range R < 5"cm. in the stack was given a weight factor e*/X and those par-
ticles having total ranges in the stack greater than 5 cm. were each given a
weight factor e*/X where A is the interaction mean free path in cm. for a
particular group of nuclei in the nuclear emulsions. The corrections for
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scanning loss were made by using the scanning efficiencies determined for
different ionisation groups.

Extrapolation to the top of the atmosphere.—For extrapolating the ob-
served fluxes and energy spectra to the top of the atmosphere it is necessary
to take into account certain corrections due to the overlying atmosphere.
Firstly, the ionisation loss in the air is taken into account by using range
energy relation in air. For our stacks this air-cut-off energy is about
125 MeV/nucleon for L-group nuclei, 150 MeV/nucleon for M-group nuclei
and ~ 250 MeV/nucleon for the H-group nuclei. Hence, flux values could
be determined only above these air-cut-off energy values. Secondly, as a
result of interaction and fragmentation of the cosmic ray nuclei in collision
with the air nuclei, there will be a certain amount of diffusion of one group
of nuclei into another. This can be corrected either "by using the growth
curves in air or by solving the one-dimensional diffusion equations (see
Daniel and Durgaprasad, 1962). In this work, we adopted the following
procedure. We extrapolated the measured flux of M-nuclei at the top of
the stack JM (x) to the top of atmosphere JM (o)9 by means of diffusion extra-
polation using interaction length of M-nuclei in air as 23-9 g./cm.2 (Durga-
prasad, 1964), and fragmentation parameter, PMM as 0-14, which is the
weighed mean of values for air-like media, graphite, teflon, celluloid and
polythene (see Durgaprasad, 1964; Friedlander et al, 1963 and references
therein). Then the H/M and L/S ratios observed at the flight altitude were
extrapolated to the top of the atmosphere using the slopes of the best fitting
experimental growth curves of these ratios in air as summarised by Webber
(1967). Thus knowing the flux of M-nuclei, L/S and H/M ratios at the top
of atmosphere, the fluxes of L, M and H-nuclei at the top of the atmos-
phere were obtained. The flux of H-nuclei, JH (o) was further subdivided
into those of Hl9 H2 and H3 groups according to the following procedure.
The fluxes of Hx, H2 and H3 nuclei at the top of the stack were extrapolated
to the top of the atmosphere using the diffusion equations and fragmentation
parameters (Durgaprasad, 1964). It was found that the fluxes of H2, Hf

and H3 nuclei at the top of atmosphere were in the ratios of 1 :0-21 : 0-36.
The sum of the fluxes of these three groups was normalized to the flux
JH (o). We believe that the above procedure of extrapolation to the top
of the atmosphere yields satisfactory results, since this is based on the mea-
sured growth curves of the ratios in the atmosphere as well as the best
estimates of the fragmentation parameters in air. So far there is no evi-
dence of any significant energy dependence of the interaction and fragmenta-
tion parameters in the energy region of relevance here; hence the effect
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has been ignored. We wish to emphasise here that since the fluxes were
measured under small atmospheric depths, the uncertainties in the para-
meters used do not significantly affect the extrapolated values. The pro-
cedure of extrapolation was carried out separately for groups of nuclei in
each stack, there was good agreement between the results obtained from
the two stacks. The final results at the top of the atmosphere were then
obtained by combining the data from the two stacks according to their
statistical weights.

In order to determine the relative abundances of individual elements
in a particular charge group we have assumed that while extrapolating to
the top of the atmosphere these relative abundances remain the same, since
the residual atmosphere is only about 4g./cm.2 and the differences in the
mean free paths are negligibly small. For example, the carbon to oxygen
ratio at the top of the atmosphere will be only about 1-5% higher than
that measured by us at the flight altitude.

3. RESULTS AND DISCUSSION

Using ths above-mentioned methods of charge identification, energy
determination and extrapolation to the top of the atmosphere we have
obtained the results concerning the differential and integral spectra of L, M
and H-nuclei for the period of mid-1963, the energy dependence of the L/M
ratio and the relative abundances of individual elements.

Some features of these observations have already been discussed earlier
(Anand et al., 1966; Biswas et al. 1966) and in the present analysis we
will confine our detailed discussion only to the interpretation of these results
in terms of solar modulation.

(i) Differential energy spectra of light, medium and heavy nuclei.—
The differential and integral energy spectra of L, M and H-nuclei are shown
in Fig. 4 and Table I. For comparison we have also included the results
of other investigators obtained during the same period of solar activity as
indicated by the Mt. Washington Neutron Monitor Rate (2320) (Webber
et al, 1966; Fichtel et al.9 1966). It is clear from these data that the results
obtained by these groups are in good agreement with each other and the
mean curve.drawn here represents the best shape of the spectra in mid-1963.
The maxima in the spectra of L, M and H-nuclei occur at 400 ± 50 MeV/
nucleon, 450 ± 50 MeV/nucleon, 450 ± 50 MeV/nucleon respectively. The
position of the maximum in the case of helium nuclei occurs at 250 ± 50
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R G . 4. Differential energy spectra of L, M and H-nuclei measured in the present we
together with other measurements during the middle of 1963. The Mt. Washington neutron
monitor rate corresponding to these data arc: Present work; 2320 (Stack A, 2330, Stack B, 23JO);
Webber et at. (1966) 2310; Fichtet et at. (1966) 2320.

TABLE T

Differential and Integral fluxes of L, M and H-nuclei at the top of atmosphere

Kinetic energy,
MeV/nucle<>n

Differential flax, dJ/dE, in nuclei (Ms Sr. Sec. MeV per nucleon)"1

L
(8<Z<5)

M
(6<Z<0)

H
fZ > 10)

150-200

20U-300

300-400

400-5UO

fiOO-675

>160
>JWO
>300

0-0046±0>00l7 0-0089±0*002fl

0*0047 ±0*0012 0*008t±0-0018 O-tO32±0-O01t

0-0077±0*001S 0-0162±0-0024 O-OQ5fl±0-O0l3

0-0071 ±0*0015 0*OI»0±0-U029 0-0058 ±0*0014

0*0050±0-0015 0*0126±0-0025 0-;tO33±0*O0i2

Integral flux, in nuclei (Ma. Sr. Sec.)"1

B-67±0-42
6*44±U*ll

4-20±0-36
3*U±0'31

lfl-04±0«78

13-71 ±0-72
10-88±0-64

8-01 ±0-48
6-6J±0-*8
5-l4±U*44
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MeV/nucleon, lower than in the case of L, M and H-nuclei. The impli-
cations of these in terms of propagation and solar modulation effects have
been discussed by Biswas et ah (1967, 1968).

Recent experiment by Von Rosenvinge et ah (1969), performed at a
time when the neutron monitor rate (2350) was more or less at the same
level shows a large discrepancy as compared to the mean spectra of L
and M-nuclei determined in the present experiment. This discrepancy has
been discussed by Biswas (1969). The results of Lim and Fukui (1965)
which seem to give anomalous flux values have not also been included in
the present analysis {see Anand et ah, 1966).

(ii) The energy dependence of L\M ratio.—The ratios of L/M, L/S and
H/M at ths top of the atmosphere obtained in our experiment are shown
in Table II. It is seen from this table that in the energy interval 200-575
MeV/nucleon the ratio L/M is increasing with decreasiug energy. Using
the recently determined L/M ratios and energy-dependent spallation cross-
sections (Bernas et ah, 1967; Yiou et ah, 1967, 1968) the amount of matter
traversed in space by cosmic ray nuclei as a function of energy was deter-
mined by several investigators {see for summary Biswas, 1968). These re-
sults indicate that at energy greater than 1 -5 BeV/nucleon, the mean path
length of cosmic ray nuclei is about 4 ± 1 g./cm.2 of hydrogen and at 200-400
MeV/nucleon it is higher by a factor of about two.

TABLE II

L/M9 L/S and H/M ratios at the top of the atmosphere

\ K. Energy
\ MeV/n.

Ratios \

L/M

L/S

H/M

200-300

0-58±0*19

0-42tt0-13

••

300-400

0*51 ±0-13

0-37±0-09

• •

400-500

0-37±0-10

0-29±0-07

500-575

0«40±0-14

0-3l±0'll

••

0

0

0

200-575

•45±0'

•34±0

•S3±0-

06

•05

04

>575

0-20±0*

0-21 ±0-

0-40±0<

03

02

04

(iii) Relative abundances of individual elements.—In this work we ob-
tained good charge resolution for nuclei of Z = 3 to 8 as described earlier
and intensities of Li, Be, B, C, N and O nuclei were determined. These
are shown in Table III in two energy intervals, E = 150-575 MeV/nucleon
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and E > 575 MeV/nucleon. The fluorine abundance is an upper limit since
it includes the tail of the distribution of the oxygen nuclei and also of Ne.

TABLE III

Fluxes and relative abundances of nuclei as percentage of the total

Nuclei

Ii

Be

B

L

C

N

O

F

M

H i

H 2

Ha

H

Z > 3

Kinetic Energy
150-575 MeV/nucleon

P/M2. Sr. Stc.

0-74±0-15

0-60±0*14

l-14±0-18

2-48*0-28

2«07±0-30

l-24±0-22

2-20±0*32

0-48±0-12

5-97±0«42

l-ll±0-20

0-37±0-12

0-30±0-ll

l-79±0«27

10*24±0-62

Relative
abundance

7-2

5-9

11-1

24-2

20-1

12-1

21-4

4*6

58-2

10-8

3-6

2-9

17-5

100-0

Kinetic Energy
>57fl MeV/nucleon

P/M2. Sr. Sec.

l-05±0-19

0-41±0-ll

l-65±0-22

3-ll±0-31

4-39±0-41

2-39 ±0-30

3-21 ±0-36

0-87±0-?8

10-86±0-fc*4

2«72±0-32

0-68±0-16

0«91±0-21

4-30±0-4l

18*27±0«81

Relative
abundance

5-8

2-2

9-0

17-0

24-0

13-1

17-5

4-8

59-4

14*9

3-7

5-0

23-5

100-0

Kinetic Energy
> l - 5 BeV/nucleon

(O'Dell et al.t 1962

Relative
abundance

5-3

2-3

7-4

15-0

30-1

9-7

19*4

2-4

61-6

• •

••

• •

23-4

100*0

Next we examine the relative abundance of carbon, nitrogen and oxygen
nuclei in the primary cosmic rays. The ratio of carbon to oxygen nuclei mea-
sured at different energy intervals by various investigators with fairly satis-
factory charge resolution are shown in Fig. 5. The C/O ratio is independent
of solar modulation. Although the experimental errors on the ratio are
fairly large, it is seen in Fig. 5, that the general trend of results indicate that
C/O ratio is about 0-90 at energy about 100 MeV/nucleon and it increases to
a value of about 1-5 at energy > 1-5 BeV/nucleon. The value of the C/O
ratio at E> 1-5 BeV/nucleon obtained by various investigators, e.g., von
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Rosenvinge eta!. (1969) and O'Dell et al (1962) are in disagreement
each other. This discrepancy needs further examination.*
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Fio. 5. Carbon to oxygen and nitrogen to oxygen ratios as a function of energy obtained
from the present work and oilier investigations "Average" denotes the average calculated by
Webber (1967J. The dashed lines indicate range of C/O ratios determined by von Rosenvinge*
et ai. (1968). The dot dashed lines indicate the approximate variations of the ratios from other
data. ( The reference Fichtc! et al. should read as Hagge et ai, Can. J. Phys., 1968, 46, S539.)

.The N/O ratios measured in this investigation and by others are als
shown in Fig. 5. In this case also there is considerable scatter of data points.
In the lowest energy interval, 90 MeV/nucleon, N/O is about 0-25 whereas
at relativistic energies, > 1-5 BeV/nucleon its value is ^0 -50 , indicating
N/O ratio changes by a factor of about two in this energy interval.

Detailed calculation of the energy dependence of the C/O and N/O
ratios taking into account ionisation loss and the most recent spallation
cross-section measurements have been made by Bhatia et al. (1969). These
results indicate that the measured C/O and N/O ratios in cosmic rays at low
and high energies are incompatible with the conventional one component

* Note aeffled in proof: In recent experiments, Dayton ei ai [Proc. fnt. Conf. Cosmic
Kays, Budapest, 1969, to be published) and O'Dell et al. (1969, ibid.) reported the C/O
-•atio at E > 1-5 BeV/nuc]«m as -w 1 • 1.
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model of cosmic rays and supports the hypothesis of two component models
of cosmic rays proposed in recent years (Comstock et al., 1967; Biswas et al.9
1966, 1968; Comstock, 1968; Burbidge etai, 1967).

(iv) Solar modulation energy spectra of medium and helium nuclei between
solar maximum and minimum.— In this work we have studied the changes in
the intensity and the spectral shape of medium nuclei and helium nuclei
during the solar maximum (mid-1957) to near solar minimum (1963-65)
to investigate the solar modulation during the last solar cycle. Many studies
have been made on the changes of P and He fluxes during last solar cycle
(For summary, see, e.g., Webber, 1968). But this represents an attempt to
use the M-nuclei and He spectra for this purpose.

The best estimate of the differential energy spectrum of medium nuclei
during mid-1963, obtained from the present data as well as that of Webber
et ah (1966) and Fichtel et al. (1966) is shown in Fig. 4 as discussed earlier.
The differential spectrum of M-nuclei during solar maximum was measured
by Aizu et al. (1960) in September 1957. Since helium and medium nuclei
have same mass to charge ratio they are expected to be modulated in the
same maftner and hence it is useful to compare the changes of helium and
medium nuclei fluxes over the same period. The differential spectrum of
helium nuclei during the middle of 1963 is obtained from the data of several
investigators and is summarised in Fig. 3 of Biswas et al. (1967 a). The
He spectrum measured during mid-1957 is obtair.cd from the results of Aizu
et al. (1960), Engler et al (1958) and Freier et al. (1959), measured during
May-September 1957.

Recent studies of the changes of fluxes of protons and alpha-particles
during 1963-66 showed that solar modulation during this period could be
represented by the Parker's theory of modulation by solar wind (Parker,
1963) in the following form

where J\e (E, /) is the differential flux of /'* type of nuclei at kinetic energy,
E MeV/nucleon, Ji00 (E) the correspnding flux outside the solar system, -q (t)
a constant depending only on time, t9 R and j3, rigidity and velocity of the
nuclei and n «* 1 for rigidity R ^ O S B V , and n * 0 for R < 0 - 8 B V
(Gloeckler and JokipiL 1967; Jokipii, 1968: O'Galiagher. 1968; Webber,
1968).
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To study the solar modulation of medium and helium nuclei from mid-
1957 to mid-1963 we plotted loge [J (E, 1963)/J (E, 1957)] vs. R0 for medium
and helium nuclei in Fig. 6. It is seen that changes in M and He nuclei
are consistent with one another and hence both the components are used
to obtain the best fitting line given by R-1*15.. This was obtained by re-
piotting the data in the form fi Ioge J (E, 1963)/J (E, 1957) vs. R (not shown),
and the best fitting line is found to be R"1*15. Thus the present analysis
indicates in the rigidity interval 1-2 to 2-7 BV rigidity dependence as close
to RjS. In Fig. 6 we have shown the lines corresponding to ft, RjSand R2j9
dependence; it is seen that although R2j8 dependence cannot be ruled out,
Rj8 dependence gives a better fit.

2 0

t 0

O 5

O 2

I FT i r i i i i i i

• M- NUCLEI 0963- 57)

O H#- NUCLEI 0963-5?)

I I I I I f
0.5

\ \ l l I l

RIGIDITY X

FIG. 6. loge [J(1963)/J(I957)J vs. Rigidity X0 plotted for M-miclei and He-nuclei.
lines corresponding to I/ft 1/R0 and Ifl&fi dependence of solar modulation are shown.
best fit line is given by Rj9 dependence

The
The

On the basis of R£ dependence it is found from Fig, 6 that the change
in T), from 1963 to 1957 (Af) >s 0-8 BV, The value of AT; for 1963-65
was found to be about 0-25 (Biswas et a/., 1967, Gloeckler and Jokipii,
1967). Hence, Av for 1965-57 is obtained as 1-05 BV. The residual
modulation at solar minimum 1965 was determined as 0-65 BV by Biswas

L et at. (1967-6). Therefore the value of modulation parameter -q at solar

maximum in 1967 is obtained as 1-70 BV.

ot

In Table IV we have summarised the data of this work and those of
other investigators on the change of solar modulation during 1957-65
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on the basis of R/J dependence of solar modulation, as well as the residual
modulation in 1965, estimated by different methods. It seems that these
observations would be consistent with the value of solar modulation para-
meter 13 (1965) at solar minimum as 0-65 ±0-10 , A*7 (1957-65) as about
1 -4 ± 0-4 and t\ (1957) at solar maximum as 2-0 ± 0-4, indicating a change
in 77 by a factor of about three between solar maximum and minimum during
the last solar cycle.

TABLE IV

(a) Solar modulation during 1957-65

Authors

Present work and
Biswas etal. (1967 a, b)

Lockwood and Webber
(1968)

O'Gallaghar(1968)

(b)

Authors

Method

M and He-nuclei

Neutron Monitor and
P and He-nuclei

P and He nuclei

Residual solar modulation

Method

Period

1957-65

1959-65

1958-65

in 1965

A 7]
(BV)

1-05

1-40

1-80

•n (1965)
(BV.)

Biswas etaL (1967 A) Hes/He ratios and He- 0-65±0-05
energy spectrum

Gloeckler and Jokipii (1967) Cosmic ray energy density <1
Ramaty andLingenfelter (1968) He3/Hc4 and H2/He4 ratios 0-4 ± 0-1
Anand, Daniel and Stephens Non-thermal radio emission ^0-65

(1968) and cosmic ray electron
spectrum

Webber (1968) do. 0-75
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COMPLEXES OF URANYL ION

Part I. Absorption Spectra of Pyridine Complexes.
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ABSTRACT

The absorption spectra of new crystalline uranyl complexes with
pyridine, at 80° Kare described. Pyridine uranyl chloride crystallises in
two forms, both forms give sharp line like bands at low temperatures.
In Form I the bands are analysed in terms of five electronic transitions
F, M, D, U and SU of which the former four were suggested for uranyl
ion by Dieke et al. Results on analogous compounds with deutero-
pyridine are also reported. Chloride complex seems to have pyridine
in the first co-ordination sphere while the acetate complex is of the
type of double salt.

INTRODUCTION

INVESTIGATIONS on the spectroscopic properties of uranyl ion under the
action of various ligands already exist in literature.1"4 A simple organic
complexing agent is, however, the pyridine molecule. The effect of this
molecule in the sphere of solvation or co-ordination of uranyl ion was found
rather interesting and was pursued in some detail. New crystalline uranyl
compounds were obtained by the complexing of pyridine with various uranyl
salts. Some analogous compounds with deutero-pyridine* were also studied.
We describe in this paper the absorption spectra of some uranyl complexes
with pyridine.

EXPERIMENTAL

Absorption spectra of solutions were obtained on the Hilger Uvispec
Spectrophotometer. The spectra of crystalline compounds were photo-
graphed on a Bausch and Lomb 1-5 meter grating spectrograph, having

• Kindly sent by Prof. M, Kasha, Department of Chemistry, Florida State University.

in
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a dispersion of 16 A per mm. The chemicals used were A.R. grade.
Purification of pyridine was done by conventional methods.

Pyridine complex with uranyl chloride was found to crystallise in two
forms. We call the microcrystalline precipitate obtained on adding pyridine
to the solution of uranyl chloride in concentrated HC1 as form I which re-
dissolves in excess of pyridine and also crystallises as hexagonal plates.
Also if the Form I crystals are left in the mother liquor itself for a couple
of days at temperatures below 5° C. crystals of Form II having a different
morphology begin to grow, those of Form I dissolving as Form II crystals
appear. On heating to about 25° C. or above crystals of Form II are con-
verted to Form I. Both Form I and Form II are highly fluorescent and give
very. sharp bands at low temperatures. With uranyl nitrate and acetate
also new crystalline compounds were obtained. The details in the absorp-
tion of nitrate complex, however, could not be studied.

(a) Absorption Spectra in Pyridine Solutions

Unlike aqueous solutions, the absorption curves of solutions in pyridine
for various uranyl salts consist of broad unresolved bands except for uranyl
chloride. In this case eight bands were observed at 4950A, 4800 A, 4640 A,
4465 A, 4322 A, 4195 A, 4075 A and 3955 A respectively. The first band
is red shifted with respect to the corresponding band in aqueous solutions.

(b) Absorption Spectra of Crystalline Pyridine Complexes

(i) Chloride.—The spectra, at 80° K, for Form I and Form II are shown in
Figs. 1 and 2. The spectra have been photographed both by taking a single
crystal of microcrystalline powder pressed between two quartz plates. Various
series, starting from the longer wavelength side, are termed as fluorescence
(F), magnetic (M), diffuse (D), ultraviolet (U) and second ultraviolet
(SU). The first four electronic transitions in uranyl salts were suggested
by Dieke and Duncan.2 Starting of a new transition after the U series was
first observed by Pande9 in this laboratory. Evidence for these vibronic
transitions has also been obtained from spectra of uranyl solutions.7* 8»10

Form /.—On the basis of intensity considerations and vibrational analysis
the five electronic transitions are clearly observed in Form I. The posi-
tions of observed bands are given in Table I which also contains the posi-
tions of prominent bands for the analogous compound with deutero-pyridine
and the vibrational analysis. The spectra for the two compounds are
similar, there is no appreciable shift within 2 cmr1 in the positions of
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TABLE I

Absorption bands of pyridine uranyl chloride and deutero-pyridine uranyl
chloride Form I at 80° K.

Nature

W, 3
W, 3
m,s
w, s
m,s
m, b
S,b
vw,b
vw, b
vw, b
w,b
vw, b
S,b
W, 3
m,3
m,s
m, s
m, s
m, s
m, b
S,b
m, b
S,b
S,b
m, b
m,s
m, s
m, b
m,b
vw, b
vw,s
w,b
S,b
m, b
w,s
m, b
m, b

Pyridin*
uranyl

chloride

Position
in cmr1

20064
20081
20154
20260
20311
20395
20422
20452
20477
20500
20536
20548
20660
20770
20787
20798
20860
20962
21014
21098
21120
21238
21346
21358
21369
21472
21488 .
21568
21578
21662
21716
21793
21814
21839
21961
22030
22048

k

A"

n
90

196
247
331
358
388
413
436
472
484

. 596
706
723
734
796
898
950

1034
1056
1134
1288
1294
1305
1408
1424
1504
1514
1598
1652
1729
1750
1775
1897
1966
1984

Deutefo-pyridine
uranyl chloride

Position
in cmr1

20063
20080
20155
20260
20312
20394
20416

m m
20538

#
20656
20767
20782
20794
20859
20960
21015
21096
21117

21338
21353

21467
21484
21570

• •

• •

21808
-21832

21963
22024
22045

A"

• •

17
92

197
249
331 )
353 J
m m

m .
a m
475
m m

593
704
718
731
796
897
952

1033 )
1054 i

1275 )
• • |

1290 j
1407 )
1421 t
1507

m m

1745 )
1769 J
1900
1961 )
1962 )

Designa-
tion Interpretation

a0 Resonance band
ao+17

Lx Ligand
L2 Ligand

w Magnetic Series

ao+2t-"2

• • • a

• • • •

a1+2v2
Mx Magnetic series.

ax-\-vx'
ax ax+\l

fljt+L,

AM * \Jf / I . . »
rVl . IVI A 1 I/a

Mx Mo+ vx

jo-|_2v,/

a'z flo+2v1
/+17

• •
• • • • •

• • • • •

\A ' \/t '_i_o« '
M2 Mo +2vx
.. a2+2vx'
A/t AX _I_O-« '
M| Mo-f-iVj
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TABLE l—Contd.

Nntiirft

w9 s
s9 s
m, d
m9 d

m9 b &d
m9b&d

w9 b
m9 b *
m, b
m9 d
w9 d
S,d
S,d
w, d
w, d
w, d
m, d
m, d
m, d
S,d
S,d
m, d
m,d
m, d
ms, s
W, 5
w, d
m, d
m,d
m, d
S,d
vS,d
m, d
m, d
m, d
m, d
m, d
S,d
vS,d
S,b

Pyridine
uranyl

Chloride

Position
in cm."1

22154
22168
22210
22232
22253
22266
22404
22496
22524
22644
22713
22738
22759
22784
22872
22904
22939
22952
22992
23015
23037
23098
23119
23157
23208
23233
23306
23349
23389
23416
23443
23464
23491
23571
23615
23663

-23687
23712
23737
23819

2090
2104
2146
2168
2189
2202
2340
2432
2460
2580
2649
2674
2694
2720
2808
2840
2875
2888
2928
2951
2973
3034
3055
3093
3144
3179
3242
3275
3325
3352
3379
3399
3427
3507
3551
3599
3623
3648
3673
3155

Deutero-pyridine
uranyl chloride

Position
in cm."1

22409
22480
22519
22648

22747

23023

23144

23209

23299
23346

23460

23725
23824

. . )
•• )

2346
2416 )
2456 |
2582

2684

• •
a •

• •

• •

• •

2960

3061

3J46

3236
3283

3397
• •

• •

• •

a •

3662
3761

Desig-

- nation Interpretation

<iA4-3i//
°3 an+3v/-4-14

• • • •

M,' M0'+3v/

• • • •

Do Diffuse series
• • • •

• • • •

• • • •

• • • •

• • • •

• • • •

• • • •

• • • •

D o ' Diffuse series
• • • •

• • • •

• • • •
• • • •

• • • *
• • •«
• • •.

• • •.
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TABLE l—Contd.

w,b
m,d
m,d
m,d
m, d
S,d
vS,d
w, d
w, d
w,d
m, d
S,d
vS,b
m,d
w, d
w, d
S,d
S,d
w,d
w,d
m,s
w,s
S, ft
S, ft
w, b
m, b
S, d
w, b
vw, d
vw, d
m,s
m,s
m, b
w,b
m,s
w, d
w,d
w,s
w,s
m,d
m,d

Pyridine
uranyl
chloride

Position
in cm."1

23912
23987
24046
24094
24123
24144
24172
24271
24318
24333
24378
24412
24435
24512
24539
24743
24850
24874
24959
24991
25036
25058
25106
25129
25221
25434
25550
25567
25659
25684
25730
25751
25798
25819
25964
26224
26246
26363
26400
26487
26508

A"

3858
3923
3982
4030
4059
4080
4106
4207
4254
4269
4314
4348
4371
4458
4475
4679
4786
4810
4895
4827
4972
4994
5042
5063
5157
5370
5486
5503
5595
5620
5666
5685
5734
5755
5898
6160
6182
6299
6336
6423
6444

Deutero-pyridine
uranyl chloride

Position
in cm."1

m 9
24048

..
24161

24376

24423
24509

24750
24862

m m

24982
25039

a a

25103
25128

a a

25556

a a

25732
a a

25795
25820

a a

26480

Desig-

A"

• a • • • •

3985

• •

4098 D2 Do+2^'

a .

4353
a a

4360 Dt' D0'+2iV
4446

• • a •

4687
4799 D8 Do—3i»x'

• • • • • •

a • a a a •

4919
4976 U o' Ultraviolet series

a a • • •

5040
5065 D 8 ' Do'4-3^'

Uo Ultraviolet series
m m m m m

5493 D4 Do+4^'
• • • •

a • • • a a

• a • •

5669 Ua
f U,'+»i'

5732 .. ..
5757 D.' D0'+4v1'

Ux Uo4-Vx'

) • ° *
6417) D , D # + 5 »
.. ) • • "»
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Nature

w,s
m,b
w,s
w,s
w, d
vw, d
w,s
w,b
S,s
S,s
m,s
m,s
S,s
S,s

Pyridine
uranyl

chloride

Position
in cm."1

26681
29937
27012
27059
27080
27114
27168
27398
27771
27816
27993
28039
28464
28509

D. N.

A"

6617
6873
6948
6995
7016
7050
7104
7334
7707
7752
7929
7975
8398
8443

SANWAL AND D.

TAELE l—Ccntd.

Deutero-pyridine
uranyl chloride

Position A"
in cm."1

26940 6877

•

D. PANT

Desig-
- nation Interpretation

U2 U« + 2i>/
Dfl

D6' • •

I SU0 Second ultraviolet
series

su«+v
• • • •
SU, STJA4-v/
• • • •

sharp bands and the uranyl frequencies are not changed. There is a doublet
in the first group of flourescence series, i.e., a0 at co2CC63 cm.-1 (A" = 17
cm.-1). The three uranyl vibrations associated with this series Vl', v2' and
v,' are 704 cm."1, 245 cm.-1 and 732 cm.-1 respectively and the series can
be traced to its third member. The v,' which alone can be identified with
certainty in other series has an approximate value of 7C0 cm.-1. The M, D
and U series have two components each with ca 265 cmr\ 280 cm."1 and
180 cmr1 respectively. Finally, there is observed a series of strong and
sharp bands, with a doublet structure ( A * = 45 cm.-1) starting at about
7707 cm. * above a,. Only two members are observed with a frequency
interval of ca 696 cm."1 and after this the absorption reaches a high value
resulting in a continuous absorption. This series is designated as SU (second
ultraviolet series). A complete microphotc meter tracing of the absorption
spectrum is given in Fig. 1 to demonstrate the presence of this series.

Form //.—The observed bands for Form II are given in Table II both
for pyridine and deutero-pyridine compounds. Both spectra are similar
however, the crystal for the case of deutero-pyridine happened to be of
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TABLE II

Absorption bands of pyridine uranyl chloride and deutero-pyridine uranyl
chloride Form II at 60°K.

liaiure

IV, S
VIV, 5
viv, d
w9d
w9 d
iv, b
w, d
iv, d
iv, b
w9 s

IV, S
IV, S
IV, S

w9s
viv, d
w9d
IV, d
IV, d
w9d
IV, d
IV, rf
iv, d
VW, 5

S,6
IV, S

iv, d
IV, J

S, J

IV, 6
IV, 6
iv, d
viv, d
vw, d
iv, d
w, d
vw, d
vw, d
w, d

Pyridine
uranyl

chloride

Position
in cm."1'

20027
20041

20270
20284
20338
20389
20456

• •

• •

20598
• •

20734
20748
20763

20977
20989
21039
21096
21163

21301
m %

m m
21429
21445
21460
21499

• •

. .

21687
21744
21791
21859

Av

17
a •

243
256
310
362
429
# #

m m
571

707
721
736

950
963

1012
1069
1136

• •

• •

1274

m m
1404
1418
1433
1472

m m
m m
• •

m m

1660
1717
1764

Deutero-pyridine
uranyl Chloride

Position
in cm."1

20026
20043
20156
20269
20284
20332
20391
20453
20479
20564
20603
20615
20733
20748
20764
20863
20978
20992
21041
21096
21140
21180
21242
21268
21309
21321
21330
21428
21445
21661
21488
21503
21526
21564
21607
21601
21695
21741
21795
21873

A»-

17
130
243
258
306
365
427
453
538
577 )
589 f
707
722
737
837
952
966

1015
1070
1114
1154
1216
1242
1273
1295
1304
1403
1419
1435
1462
1477
1500
1538
1581
1655
1669
1715
1769
1747

Desig-
nation Interpretation

b0 Resonance band

la .. "

La
L3 Ligands
L4
Ls
L0

Mo Magnetic series

61+L1
bx+vi
6. + V/+14
bx-\-\^2
Ax+L8

• • •

• • • •

Mi' Mo+V
• •

• • • •

h io+2^+17

Mo' Magnetic series
• • •

• • • •
.. b2-v2'

AJ+LJ

• • a"i 1 'H
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TABLE ll—Contd.

Nature

Pyridine
uranyl
chloride

Deutero-pyridine
uranyl chloride

Position
in cm."1 A"

vw9 s
S,b
vw, s
w9 b
vw9 s
w9 d
iv, d
w9 d
w9 d
w9 d
w9'b
vw9d
w9 d
w9 d
S9b&d
m, d
m9 b
m9 b
m9d
m, d
m9 d
S9b

Red edge
S,vb&d
Violet edge

m9 b
m9 b
m9 b

vS9b&d
m9 b
m9b
w9 d
*t\ d
w9d
w9 d
w9b

Red edge)
vS ]

Violet edge)
vS9d

Red edge
vS

21997

22ii7

22J44

22i92
22244

23487
23557

23638

Position
in cm."1 A"

Desig-
nation Interpretation

1997

2090

2165
2218

22581
22699
22715
22734
22787
22816
22841
22879

22925

23076
23150
23192
23291

23392
23403

2554
2672
2688
2707
2760
2789
2814
2852

2898

3049
3123
3165
3264

3365
337fi

3460
3530

3611

21960
22010
22019
22049
22106
22136
22149
22185
22196
22247
22265
22339
22425
22483
22583
22696
22723

22788
22821
22846
22876
22888
22911
22977
23081
23142
23197
23285
23304
23338
23392
23411
23455
23472

• •

23493

23569

23611

J b*

1960
1984
1993
2023
2080
2110
2123
2159
2170
2221
2238
2312
2398
2456
2556
2669
2696

2761
2794
2819
2849
2861
2884
2950
3050
3115
3170
3258
3277
3311
3366
3384
3428
3445

3466

3542

3584

M2

Ao+3"/

Diffuse series

Do ' Diffuse series
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TABLE II—Contd.

Nature

Violet edge
w9 b
w9 b
w9 b
w9 b
w9b

S9b&d

w9 d
w9 b

red edge
vS, b & d
violet edge

w, d
s9 b
s9 b
w, d
s9b
S9b
m9 b
vw9 b
vw9b
vw9 d
w9 b
S9b
m9 b
vw9s
vw9s
m9 b
w9s
S,b
w,s
w9s
S, b
w9 b
u9b
m9 d
S, d

Pyridine
urenyl

chloride

Position
in cm."1

23786
23820
23858
23893

24013

24190
24220

24337
a •

24600
24698
24966
25016
25037
25061
25392
25596
25639
25670
25720
25733
25751
26163
26189
26285
26298
26425
26880
26903
27010
27136
27712
27806
27900
27936

Heavy absorp-g
tion 28281

AP

3769
3793
3831
3866

3986
.

4163
4193

43'io

4573
4671
4939
4989
5010
5034
5365
5569
5612
5643
5693
5706
5724
6136
6162
6258
6271
6398
6853
6876
6983
7109
7685
7779
7873
7909

••

Dev tero-pyridiue
uranyl chloride

Position
in cm."1

23691
23786
23849
23865
23908
23926
24001
24051
24194
24228
24309

24391
24612
24704
24984
25005
25052
25075
25404
25596
25625
25688
25730
25750
25770
26167
26178
26255
26305
26448
26885
26901
27025
27126
27695
27833

279651

28300

AP

3664
3759
3822
3838
3881
3899
3974
4024
4167
4201
4282

4364
4585
4677
4957
4978
5025
5048
5377
5569 )
5598 |
5661
5703
5723
5743
6140 )
6151 {
6228 1
6278 f
6421
6858 )
6874 }
6998
7099
7668
7806

7938

- Desig- Interpretation
nation

• • • a

. . .

• » • a a

« • • • • «

• • • • ^

• . • a

a

M4' Mo
#—4vi'

...
D7' IV+2V

mm

a

« •

D8' D0+3V

D4

Uo Ultraviolet series
Me' M0'+6iV

D ' D0'+4v1
/

I I T Tix_ • 1 A. >̂  •

Uo Ultraviolet senes
#

Ux Uo+ ̂ i

I T

U,'
D«

D '
• • a •

. .
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a suitable thickness for greater details of absorption to be investigated.
A number of vibrations, other than uranyl frequencies, were thus found
associated with the fluorescence series. The spectrum is classified in four
series. The absorption beyond U series could not be studied because thin
single crystal could not be obtained of an adequate size. On making a
thin film with powder the crystalline modification was found to get converted
partly to Form I, thus making the spectrum very complicated.

(ii) Acetate.—The spectrum is shown in Fig. 3 and the observed bands
are given in Table III with assignments. The fluorescence series starts with
b0 at ca 20974 cm.-1. A series of strong bands, M series, starts at ca
ITS cm."1 above b0 and can be followed upto its fourth member with repe-
tition frequency of ca 690 cm.-1 and consists of doublets with Av = 3C0
cmr1. The doublet nature of D series, which starts at about 1660 cmr1

above b0, is evident after its second member (A* = 355 cmr1). The fre-
quency interval between successive members of this series is about 715 cmr1.
A series of comparatively sharper bands starts at about 6040 cmr1 above
fluorescence series and is designated as U series in conformity with the
general usage. From ca 7990 cm."1 above b0 the absorption seems to
become continuous.

DISCUSSION

The identification of various electronic transitions in the pyridine com-
plexes has been made through vibrational analysis, structure of bands and
intensity considerations. In the case of diffuse bands with multiplet struc-
ture the vibrational analysis becomes unreliable, however, the second cri-
terion is helpful that the intensity in the second group is higher than the
first group and falls again after the second or the third group. It is an
experimental generalisation that in almost all cases M, D and U series are
doublets with separations varying from 150 cm."1 to 400 cm."1, the violet
member being in general weaker. In uranyl sulphate a doublet separation
of this order has also been observed in fluorescence series.6*6*11 It is again
a general observation that in going from a single salt to a double salt M
series becomes more intense than D or F series. The solutions also accord
with this conclusion where anionic complexing enhances M series and with
hydrolysis D series becomes intense. In solid hydrolysed samples also M
series is known to get weaker than in normal salt. The spectrum of pyri-
dine uranyl acetate resembles that of double acetates, the M series bands
are rather broad and have highest intensity. Pyridine complexes with uranyl
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TABLE III

Absorption bands of pyridine uranyl acetate at liquid air temperature

Nature Position A* Designation Interpretation
in cm.

- i

w,s
vw,d
w, b
w,b
w,b
w,b
S,b
VS, vb
\S,vb
vw, b
vw, b
S,b&d
vw,b
vw,b
\S,vb
VS, vb
S,vd
S,b&d
Vw,b
vS,vb
vS,vb
S,d
S,d
S,b&d
S,b&d
S,d
\S,vb
\S,vb
S,d
S,vb&d
S,vb&d
S,vb&d
S,b&d
w, b
vw, b
S,s
S,d
w,b
w, b
S,vb&d

Heavy absorption

20974
21104
21149
21209
21237
21665
21704
21747
21831
21922
21983
22049
22341
22384
22423
22551
22635
22749
22821
23108
23246
23305
23350
23457
23704
23793
23840
23959
24018
24160
24404
24586
25085
25564
25817
27016
27666
27746
27840
28478
28969

# .
130
175
235
263
691
730
773
857
948

1009
1075
1367
1310
1459
1577
1661
1775
1847
2134
2272
2331
2376
2501
2730
2819
2866
2985
3044
3186
3430
3612
4111
4590
4843
6042
6692
6742
6865
7504
7995

Mo

Mo

Mg

Resonance band

Ligand

Magnetic series

Magnetic series

K
Mx

D ° ,

M2

Di
M2'

Diffuse series

M0+2V

M0'+2v1'

Diffuse series

D2'
D,'

• •

SUO

D 2 '+v /
D1'+2v1'

Ultraviolet series

New series starts

tJ—very, w—weak, S—strong, m—moderate, 5—sharp, 6—broad and rf—diffuse.
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chloride partly resemble the double chlorides and partly the unhydrolysed
single chlorides. The spectra are red shifted with respect to the single
salt and violet shifted compared to double salt (caesium uranyl chloride).9

The red shift seems to originate due to basic nature of pyridine in the first
co-ordination sphere. Red shift is also observed in spectra of pyridine solu-
tions with respect to the corresponding aqueous solutions. The resemb-
lance of spectra, with single salts in that D and M series are almost equally
intense and also with the double salts so far as red shift is concerned, indi-
cates both anionic and nitrogen complexing in the equatorial plane of uranyl
ion. The intimate structure and positions of various bands are not altered
in the analogous compound with deutero-pyridine. An interesting feature
of the spectra of pyridine uranyl chloride complexes is the extra sharpness
of bands. The multiplet structure of D series could thus be observed. Each
member of D series (red component) is found to consist of four bands,
the interval of stronger central components is ca 20 cm."1 and that of wings
on either side ca 25 cm.-1. The members of D' series consist of three
bands each, the separation being 23 cm."1. There have been indications
regarding a new transition to start after U series in a number of solids as
well as solutions.9 In pyridine uranyl chloride Form I this transition is
brought forth very clearly. It is not to be confused with U series which
is weak. The bands of U series are clearly recognised by their sharp charac-
ter among the broad bands of diffuse series.
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ABSTRACT

We first state a conjecture due to Yong concerning equality of two
classes of functions, and then give examples to disprove the conjecture.
Later we extend some theorems concerning integrability of Fourier
series.

SECTION 1

In this paper we extend several theorems of Yong3 and also prove
a conjecture of his. One of the main tools is the class of slowly
oscillating functions. A continuous, positive-valued function s9 defined
for all large values, is called slowly oscillating if it satisfies the condition
lim s (kx)js (x) = 1 for every fixed k > 0. Some of the properties possessed

by slowly oscillating functions are set forth below,

(i) s is slowly oscillating if and only if

s (x) = F (JC) exp.

where F is a positive-valued continuous function which tends to a positive,
finite limit, a is some positive constant, and S is a continuous function
which tends to zero.

(ii) xr*s(x) ->0 and xas(x)->oo for every fixed a > 0.

(iii) i £ a > 0, then there are positive, finite numbers Ax and Aa such
that for every natural number n

a s(n)< i ka~x s (k) <A2n*s (n).

234
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(iv) if a > 0, then as 0-> oo

min [x* s (*)] ~ q% s (q).
oo

(v) the sum and the product (but not necessarily the difference) of
any two slowly oscillating functions is itself slowly oscillating.

1.1

SECTION 2

The first theorem in Yong's paper is concerned with two classes of
functions, and at the end of the proof of his Theorem 1 he states
that he has been unable to decide which inclusion relations hold between the
two classes. He conjectures, however, that the classes are not comparable.
We prove this conjecture by exhibiting two functions, each of which is in
one class but not the other. For both classes the functions must be defined
for all large values, be positive, and satisfy

oo

K

(Here and throughout this paper K denotes some unspecified positive con-
stant whose value may change from one occurrence to the next.) The two
classes are then defined respectively as those functions / which satisfy the
above conditions and are

(A) slowly oscillating,
(B) non-decreasing for all large values and satisfy

fix*) < cf(x) (2)

for some fixed k > 1, c = c(k) some positive constant. We show first
that (A) is not contained in (B). Letting

[in this section L(x) = log log x] we know that / i s slowly oscillating by (i).
Now for all large x we have
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so (1) holds and / is in A. Now let k > 1. Then

/(*)

\Li \XK)/ J t
>exp.

which tends to infinity with x. Thus (2) does not hold and/is not in (B).

We turn now to an example of a function which is in (B) but not (A).
Let E(x) = ee' and define In to be the closed interval [E(«/2), 1 + E(n/2)].
Define the function h for t > 10 by h (t) = E («/2) if t eln and h (t) = 0
otherwise. Finally, define g by

LrH
We proceed to show that g is the desired function. We note first that for
every positive integer n we have

3 ^ (3)

If g were in (A) it would have to satisfy g(kx)/g(x)-*l for every fixed
km

k>09 that is J h(t)/tdt->0. But choosing k>\ and letting x - » o o

through the values E(w/2) yields by (3)

ks

2
3

hm sup I --j1 dt >

Thus g is not slowly oscillating, hence not in (A). To show that g is in
(B) we observe that h (t) > 0, so g is non-decreasing and positive. Now
h (0 > 0 in [x9 x

k] if and only if x - 1 < E («/2) < xfc, that is L (x - 1)
< «/2 < log k + L (JC). But log k + L (*) — L (x — 1) is bounded, so
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h (I) > 0 in [x, xk] at most, say T times (T being independent of x). We
thus may say, by (3), that

< exp. [T],

and so (2) holds. It remains only to show that (1) holds also. Now 9 <
E {njl) < x if and only if 2L (9) < n < 2L {x)9 so h {t) > 0 in [10, x] at least
[2L (JC) — 2L (9) — 3] times (here the brackets denote the greatest integer
function). But for all large x this last expression is larger than (7/4) L (x),
so for such values of x we have by (3)

g (x) > exp. [(?) (J) L (x)] = (log xy».

Thus (1) holds, g is in (B) and Yong's conjecture is proved.

SECTION 3

We now turn to extension of Yong's results by extending the concept
of quasi-monotone sequences. A sequence {au} of positive terms is
called quasi-monotone if d?fc+1 < a^ (1 + ajk) for some a > 0. We consider
sequences which satisfy

(4)

where S is a slowly oscillating function which increases to infinity. By (ii)
we have S (£)/£-> 0.

Theorem 1.—Let p > 0, L be a slowly oscillating function, {a^} and S
as above. Then

(a) if

2 kP-1 L (k) S* (k) ak<oo

then

Z kPL(k)S(k) | ak

(b) if
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then

Proof.—(a) By partial summation

S nP-1 L («) S (n) an = F sn (an - an+i) + sqaq, (5)
i i

where

We define

where [x] is the greatest integer not exceeding x. Now consider

we have, for each k satisfying n < k < un, that k/un > nlun->l9 so

( k xP"1

Using the representation in (i) we may write *

But for all large n, F(fc)/F(i/n) >i and — 8(<) > — 1, so

T^ > * exp. [ - l o g £ l = K *-*K.

Thus by (v)
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For the last part of tn, we have

By (*v)> for all large n each factor of the last denominator is dominated by

l + {max. f |< l+ 2 lW (
ln<ft<oo * ) n

and
[fl/S (n)] f r « 1) 2S (ri\

so
flfc > Ka («n). (8)

Thus from (6), (7), and (8), we have

>K«nPL(i/n)S(Mn)a(«n)-

However, by hypothesis tn—*-0, so the sequence {nPL(n) S(n)an} tends
to zero as n tends to infinity through the sequence {un}. But since S
increases we have

»[S(»)-S( / I+1)]

so the gaps in {«„} are bounded and n L (n) S («) fln->0. Now by (iii)

SqOq < A^P L (q) S (?) a, -> 0,

and so from (5)

2 nP-1 L (n) S (n) an= Zsn (an - a^,)- (10)
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With Y6ng8 and Shah2 for the sequence {ak} we define two new sequences
{/ij} and {pj} by saying that ak+1 > ak if iij < k < n$ + pj — 1 and
0fc+i < #fc if nj+ pj <k <nj+x — 1. Writing the right side of (10) as
two sums and transposing one of them gives

eo
— an+1) + E

i=i ft—ny

= S S Skiaic-au+J. (11)
ii kj+p;

This is permissible since by (4) and (iii) the second sum in (11) is domi-
nated by

— l

which is finite by hypothesis. The first sum in (11) is finite by (10), hence
so is the third sum. However, from (iii),

- ak+11 > A^Lik) S(k) \ak-ah¥1\,

so

2 kP L(k) S(k) | ak - ak+1 \ < oo5
i *

which is the conclusion of (a).

To prove (b) we again appeal to partial summation and (iii) and obtain

2
1

^ **2 27 w*^L (ji) S(/t) I Q<H -^

(12)

But from (iv)

min. {rt»»L(»i)S(«)} | an -
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>KqPL(q)S(q)Z I «» - «n+i I
t

>Kq*L(q)S(q)aq,

so from the hypothesis rfl L (n) S (n) an -> 0. Thus sqaq is bounded and
the conclusion of (b) follows.

It is natural to ask if S2 (k) may be replaced by S (fc) in the hypothesis
of part (a) of the theorem. We give here an example to show that it may
not. Let L (k) = log k9 S (k) = (log k)2t for some fixed e > 0, p = 1, and
define {ah} by ax =- a2 = 1 and ft: > 3

if k is odd

A:(log fc)

if Ar is even. Then {ajc} satisfies (4), L and S are slowly oscillating, and
2 A:?-1 L (k) S (it) ofc < oo. However for k even

and so

1
fc even

which tends to infinity with N.

We note that, by the theorem, for such an example as this we must
have Z"fcP-i L (k) S2 (k) a* = oo. That this last relation holds follows from

The bnly place where the hypothesis that S increases is used is in show-
ing that

n+l n
S(n+1) SOT)

A4
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is bounded [see (9)]. That we may not obtain this result by assuming
only that S(x)-*oo instead of S(JC) f oo follows from the example
given here. Let S (JC) = log JC -f cos nx, which is slowly oscillating. Then
for n even we have

n + l n

_ In + log n + 1 + n [log n — log (n + 1)]
~ . [log(it + 1) - 1] [logn + l] —*°° -

We may use Theorem 1 to obtain integrability theorems similar to those
of Yong and Boas [see (3) and (1)]. These results are stated here but not
proved.

Theorem 2.—Let {#&} satisfy (4) and suppose 0 <p < 1.

(a) if 2IP-1 L(k)S*(k)ak < oo, then i^fcsinfot converges, say to
g(x), and

(b) if 2a]cSinkx converges to g(x) and

then E kP'1 L (A:) S (k) ak<oo.

Similar results hold for cosine series.
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ABSTRACT

The method of successive approximations used by Eichelbrenner and
Agkovic1 for the study of unsteady three-dimensional boundary layer flow
has been extended to analyse the periodic boundary layers in three
dimensions. The analysis, which is valid for oscillations of small
amplitude, shows some special features such as " steady streaming " flow
in the first-order cross-flow similar to the one that has been predicted
and observed by Schlichting for two-dimensional periodic boundary
layers.

INTRODUCTION

THE analysis of Eichelbrenner and Askovic1 in which the principle of
* prevalence' has been adapted to study the unsteady three-dimensional
boundary layers has been used here to study the periodic boundary layers
in three dimensions. This analysis is also an extension of Schlichting's2

work in two-dimensional periodic boundary layers. The usual method of
solving the three-dimensional boundary layer equations of a steady flow
past a finite obstacle is based on the following three hypotheses:

Hypothesis 1.—Every stream line inside the boundary layer has a well-
determined limiting position on the surface of the obstacle as well as at the
edge of the boundary layer. Conversely, at every point of the boundary
layer there exists only one streamline. This is true at the wall as well as

at the edge.

Hypothesis 2.—In a system of curvilinear co-ordinates based on the
direction of the external streamlines (viz., 4 Streamline co-ordinates ') around
an obstacle, we can, in the first approximation, neglect to the order of
Rr* (where R is the Reynolds number) the transverse component of the
velocity vector with respect to the longitudinal component. Then the
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three-dimensional boundary layer equations degenerate into a system of
two-dimensional boundary layer equations plus an additional equation for
the transverse flow. This is the principle of prevalence.

Hypothesis 3.—In a stream tube, the quasi-two-dimensional system
for the longitudinal flow can be interpreted as the system corresponding
to a local axisymmetric flow.

On this basis the equations have been generalised to the case of the
unsteady flow. The above three hypotheses have been adopted to the case
of the unsteady three-dimensional boundary layer flow in reference (1).
Following the same reasoning in the present problem also it is assumed that

; tx) . .

for tx < / < h where t9 represents a characteristic time, say, the period
T = 2TT/CO, <D being the frequency. Further in the streamline co-ordinates,
as the cross-flow velocity w has to become zero at the edge of the boundary
layer and it is also zero at the wall, it is assumed to be small everywhere
compared to the streamwise velocity u. That is w/u <^ 1 throughout the
boundary layer. The equations are further simplified by assuming the
curvature variations also as small.

THE EQUATIONS

We use the curvilinear co-ordinate system (£, 77, £) where 77 = 0 repre-
sents the general three-dimensional body surface on which £ and f are
assumed to be orthogonal and the 77-axis is taken to be perpendicular to
the surface so that the above system of co-ordinates are 'locally' orthogonal
at the surface. The error in such an assumption is negligible as our region
of interest is quite close to the body surface according to the PrandtPs
boundary layer assumptions. Hence, the boundary layer equations can
now be written as

lu u lu w aw , a« , J

w ^ Rx H ^ K H * *v ^ Ma
5?

v ^2
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it ^ hxn^ Kn ^

__ 1 3P ,
PM£

u2

phAv) = 0

where w, H>, z; are the velocities in the directions f, £, 77 and hx (g g)9 h2 (£, £)»
A3 (f» 0 = 1 are, respectively, the scale factors in these directions. These
scale factors are related to the line element dl by

dl2 = hx
2d? + hfdt2 + h&ri2. (2)

Let the differential line elements in the three directions be ds, dz9 and dn
so that

ds =hxdi9 dz =h2d£9 dn =dt). (3)

Further, as has been done in reference (1), we assume that the transverse
velocity component or the cross-flow w is much smaller compared to w.
The equations (1) then become

+ -S + - &+

The equations (4) and (5) are independent of (6) and are the same as the
equations for the two-dimensional boundary layers. Hence, thay can be
solved to obtain u and v which on substitution in (6) give w.

The boundary conditions are

14 = v = w = 0, n = 0; u = u€9 n = 00
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where ue = ue (s9 z, t) is the velocity of the unsteady potential flow at the
edge of the boundary layer. The pressure gradients in equations (4) and
(6) are then given by (since dp/d/i = 0)

7>s it 7>s
(8)

Now we are interested in obtaining the solutions of (4), (5) and (6)
for a periodic potential flow with zero steady part, i.e., the problem is to
solve for u, v, w in the boundary layer when the velocity at the edge of the
boundary layer ue is of the form

or

ue = Uo (s, z) cos <ot

= U o (s, z) (10

with the convention that only the real parts of the complex quantities in
question have physical meaning attached to them. With the known outer
vejocity distribution as given by (10) the calculation of the boundary layer
flow wiil be carried out by successive approximations. That is, we decom-
pose the velocity components u, w and v into sums

u =

V = V

w2

• v* -4- v* -\- m'' rii'i

where w0, H>0, V0 are the solutions of first-order approximation, ul9 wl9' v±

are the solutions of second-order approximation and so on, and that

vo ^ vi ^> V2 ^ " • • (12)

Following Schlichting we state that it is possible to solve equations (4) to
(6) using the method of successive approximation of reference (1) for the
case of periodic boundary layers also if

7>t
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which leads to the condition that S/</<l where S is the amplitude of oscil-
lations and d is the linear dimension of the body. That is, the proposed
method of solution may be used in cases where the amplitude of oscillations
is small compared to the dimensions of the body. Hence using (11) in
(4)-(6) we obtain the equations for the first-order approximation as
[reference (1)]

+

_ u0
2 —ue

2

with the boundary conditions

«o = v0 — w0 = 0 at n = 0

u0 -+ue as n -> oo. (16)

The equations for the second-order approximation are

= 0
Us ^ *n

_ (2UpUl

IT ~ "Si1" ~" K lz

lQ 09)

and the corresponding boundary conditions are

Ul = Vl = Wi = 0 at n = 0 and oo. (20)

SOLUTIONS

F/«f approximation.—Introducing a dimensionless co-ordinate ^ defined

by

j (21)
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and assuming that the first-order velocity u0 is of the form

wo = Uo K (y) e « (22)

we get from (14)

ji^g (23)

where

6>' (0) = 0, fa (0) = 0, fa' (oo) = 1. (24)

Substituting (10), (21) and (22) in (13) we obtain the following differential
equation for <f>0',

fa"' - ifa' =~i (25)

with the boundary conditions (24) equation (25) has the solution

fa' = 1 - <r* (26)

where

1 I *

x=ay and a=-^/j*

Hence we obtain (in real notation)

u0 (s, z, y, t) = Uo [cos <at — e-v/y/i cos ( w , _ JL J J y (28)

and integrating (26) once again and using (24) we get

, x — 1 + e~x

(29)

which, on substitution in (23), gives

(30)
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First-order cross-flow.—The differential equation governing the first-
order cross-flow w0 is the equation (15), viz.,

VDt V to* "" hx te '

with the boundary conditions

w0 = 0 at n = 0, oo. (15)

Before assuming some form for w0 it must be observed that the right-hand
side of (14) contributes terms like cosW, sin2co/ which in turn can be
reduced to terms with cos 2 wt9 sin 2a>t and steady state, i.e., time-inde-
pendent terms. Hence, under these circumstances we can express the first-
order cross-flow as

z, y, t) = ^ ^ [*oa (y) e** + ^6 (y)l (31)

where ^oa (y) and 0Ob (^) denote respectively the periodic and the steady
state contributions. Substituting (31) in (15) we get

(33)

where the bar indicates the complex conjugate. The actual boundary con-
ditions are that the cross-flow should vanish both at the wall and at large
distances from it. But as will be seen that though the fluctuating part can
be made equal to zero at both the points (y = 0, oo) the steady part can
be made zero only at the wall and not at infinity. At the most we can
see that it is finite at infinity.* Hence, with this point in view we obtain
the solutions for (32) and (33) as

&>a = ' P < r x + 0-5 e - 2 * - 2 - 5 <?->/•*) (34)

y
7*= 0-5(1 — e-v»w) — 2e-M* sin -Z* (35)

so that

o) = 0 - 5 ,
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Hence, the cross-flow is seen to contain a steady state term which does
not vanish outside the boundary layer. Now the actual expression for
this first-order cross-flow is given by

+ 0-5 <n**v sin W2y~ 2a>t) - 2-5 e~vsin (y - 2<ot)

+ 0-5 (1 - en/*v) _ 2«r sin V2J
The streamwise and the crosswise velocity profiles

2a>Ax hz

given by equations (28) and (36) respectively are plotted in Figs. 1, 2a
and 2b. In Fig. 2a the fluctuating velocity component *vM* of the

2. £.

-O4 -0-2

Fio. I. First order strcamwisc velocity profiles
In curves h 3 and 4 for <, = *f2, ff/8. w/4 read respectively wt - nj2, \jA and »/8.

•As has been done by Stuart,* it may be necessarv t
oo,cr bounds layer in be.wcen the potential flowand h T ^ U .
f low h • « k . ' ^dy . and sa.isfy.n, * . bounds cond^n 'of
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cross-flow for different mt and its steady velocity component w0^* are
plotted separately whereas in Fig. 2b the resultant cross-flow for the
same values of wt are plotted. In both these figures the dotted line indi-
cates the steady component. It may be recalled that in reference (2) (and
also here) this interesting feature of the oscillatory potential flow, namely,
the existence of a steady stream outside the boundary layer is observed
only in the second approximation for the velocity and there an experi-
mental evidence is also provided. The existence of the steady stream
can be explained as due to the fact that the negligence of inertial terms
in the first-order equations is valid only very near to the wall and the
Reynolds stresses in this oscillatory boundary layer cause the formation of
steady streaming flow: and there is an outer boundary layer within which
this steady streaming velocity decays to zero. The thickness of this outer
layer is large compared with that of the inner oscillatory layer, but small
compared with a typical dimension of the body. These observations arc
also confirmed by Riley.4 But an evidence for steady 'streaming motion*
in the cross-flow direction is yet to forthcome.

O-*

Fia. 2 (a)

Fio. 2 (a). First order crosswise velocity profiles.

(H-M* - fluctuating part, w,b* - steady part)

Fro. 2 (6). First order crosswise velocity profiles (Resultant).

-0-6 -0
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Second approximation.—The differential equations governing the second
approximation are (17), (18) and (19). Using real parts of (10), (22) and
(23) to calculate the right-hand side of (17) we obtain the differential equation
for ux as

x [MS ** + ̂ o' + M/'jj. (37)

Hence, it would be appropriate to write the solution of u± in the form

£§ *»'«}]. (38)

with this we get the following four differential equations:

( 3 9 )

. (40)

(41)

: • (42)

The boundary conditions are:

011 (0) = *u' (0) = * u ' (00) = 0

^« (0) = 4>i2 (0) = ^12' (00) = 0

0i» (0) = V (0) = 0i4 (0) = 014' (0) = 0

018 (°°)» 014 (°°) < OO,
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Equations (39H43) have solutions:

253

(44)

(45)

(46)

= - 1 + [cos sin - ^
v 2

(47)

" From the above four solutions the functions <f>u, <£12, <£13 and ^14 can
be obtained by integrating once. Then equation (18) gives the solution
for vx in the form

\ f co 2cu/
+

X (48)

It may be observed in the right-hand side of the equation (37) that the
curvature Ih^s brings in additional functions <f>l2 and <f>lt into existence.
These are absent in a two-dimensional rectangular or cylindrical system
of co-ordinates. This is an additional feature of the second-order stream-
wise velocity component in general three-dimensional flow.

Second-order cross-flow.—The differential equation for the second-order
cross-flow is given by the equation (19). From the already known
solutions of «0, v0, \vQ, «! and vt the right-hand side of this equation can
be easily written doWh in terms of <f>s and $s as:
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11

where

! lz\is ,j

F = -?liL 3Ai^2^Up F Up 3U
s Atoihjhi 1>z is is ' * ~ W <)J

F Up2 M / V / h azV Uo» a^

F -
7

Up U i Tz)F =JV.^iiAa F
9 oyhxhi 7>z is ' r i ° ™ 2o> is

F Uo
a D^a^aUp)

u 2 A A tou

and

Yl -- <ilo'2 i ?^ll_5m _ 912^12 . JL '2
Xi — *Pi3 "1" 2 X2 — —~o r 914 >

X. =
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x.

X, = fcrtu +

X.

Xu -

X. W +

X14 —

Xu =

Xu -

v _
X21 =

X15 =

Xw =

Xx, -

v _
X24 —

(50)

Hence, it is seen that the solution of the second-order cross-flow has to be
written in the form

i - l
+

i-8
+

i - S
(51)

The second-order cross-flow is thus found to consist of fluctuating
flow with frequencies cu, 2co, 3co and 4o> in addition to a steady streaming
component which does not vanish outside the boundary layer. On sub-
stitution of (51) in the equation (19) we obtain twenty-nine ordinary linear
second-order differential equations with constant coefficients which are easily
solvable analytically. They can be formally written as:

*im = - xi
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— i*l*k = — Xk

= — X(fc+u)

= — X(j+22) (52)

where j = 1, 2, 3, • • -7; fc = 8, 9, 10 and 11, and the xs are as given in
equation (50).
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4. Riley, N.
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ABSTRACT

The results on the flux of low energy X-rays in the range 2-18 Kev
from Sco-Xl, Tau-Xl and Cen-X2 celestial sources observed during two
rocket flights, flown from the Thumba Equatorial Rocket Launching
Station (TERLS), Trivandrum, India, are presented. The absolute flux
and the energy spectrum obtained for these sources are compared with
other similar observations. The results indicate a long-term exponential
decrease in the energy flux of X-rays from Sco-Xl over the period
1965-1968. The X-ray source Cen-X2, which showed a remarkable
outburst of X-rays in April 1967, had ceased to be active after May 1967.
We present here the first evidence of the rediscovery of the low energy,
X-ray flux from Cen-X2 since May 1967. These short-lived X-ray out-
bursts mryrite attributed to a shock wave from the nova outburst expand-
ing into the circumstellar medium.

INTRODUCTION

SINCE .the discovery of stellar X-ray source Sco-Xl by Giacconi et ah1 in
1962, a number of experiments have been performed by different groups
for determining the absolute flux and the energy spectrum of various galactic
as well as extra-galactic X-ray sources. After the optical identification of
Sco-Xl by Sandage et al.9

2 a large number of photometric observations have
been conducted by Hiltner and Mook3 and others. Such studies have
clearly revealed that the optical intensity of Sco-Xl undergoes very rapid
variations between 12-2 and 13-2 magnitudes, large flare type enhance-
ments occurring during nearly 50% of the time when Sco-Xl is brighter than
12-6 magnitude. A search by Rao et al* for hidden periodicities has shown
that besides rapid fluctuations, Sco-Xl optical intensity varies by about a
factor of two with a periodicity of about 3 hours. Recent radio observa-
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tions by Andrew and Purton5 and Abies6 have also shown the existence of
similar variations in the radio emission from Sco-Xl. The possibility of
finding correlated changes in X-ray, optical and radio emissions from the
same object is truly exciting and will reveal a common origin for the widely
different radiations. The observation of X-ray flare from Sco-Xl at balloon
altitudes by Lewin et al? and the discovery of the highly variable source
Cen-X2 by Harries et ai.s have focussed a great attention on the systematic
measurements of the absolute flux and the time variation of X-ray lumi-
nosity from different celestial sources.

In this paper, we describe the results of the two rocket flights carried
out from the Thumba Equatorial Rocket Launching Station (TERLS),
Trivandrum (Geogr. Latitude 8° 32' N; Geogr. Longitude 76° 51' E), India.
Two identical X-ray payloads were launched, one on a Centaure rocket at
0319 UT on November 3, 1968 and the second on a Nike-Alpache rocket
at 0305 UT on November 7, 1968 almost vertically (85° elevation) such
that the X-ray detector mounted with its axis perpendicular to the spin axis
of the rocket scanned the rocket horizon. The launch time was chosen
when the Sco-Xl, Cen-X2 and Tau-Xl were all in the rocket horizon. The
present experiments were conducted with the following objectives:

(a) To measure the absolute flux and the energy spectrum of Sco-Xl,
Tau-Xl and Cen-X2 in the energy range 2-20 Kev.

(b) To measure the time variability of the X-ray flux from these sources
in the above energy range.

(c) To conduct a survey of the southern sky with a view to detect
hitherto undiscovered X-ray sources.

INSTRUMENTATION

The X-ray detector consisted of a proportional counter filled with Xenon
(90%) and Methane (1U%) at one atmospheric pressure and having a 2 mil.
thick Berylium entrance window. The counter had an effective path length
of 2 inches. The counter resolutions were typically 15% full width half-
maximum at 6-0 Kev (Fe5*) and 22% full width half maximum at 22 Kev
(Cd109).. A slat type coUimator mounted in front of the proportional counter
dafined a 8-7° x 17-2° full width half-maximum field of view, with the long
axis parallel to the spin axis of the rocket. The effective area of the counter,
after taking into account the collimator occultation, was 60-8 cm.2. Figure 1
shows the detector. In Fig. 2 is shown the calculated efficiency of the
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counter as a function of X-ray quantum energy. The efficiency of the
counter S(X) is calculated using the well-known equation

where /iM and fig are the absorption coefficients of the window and the gas
and Xw and Xg are the respective path lengths.
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FIG. 2. Efficiency of the proportional counter filled with Xenon (90%) and Methane
(10%) at 1 atmospheric pressure and having a 2 mil. thick Berylium window.

The pulses from the proportional counter were amplified, shaped and
pulse height analysed in the energy range 2-18 Kev into four consecutive
energy windows. A redundant analogue signal giving the actual pulse
height of each pulse was also telemetered separately. The entire informa-
tion was telemetered by FM/FM telemetry system. Monitoring of the
6-0 Kev line from the Fe55 radioactive source mounted on the split nose-
cone provided the inflight calibration upto 70 Km., at which altitude, the
source and the nosecone were explosively ejected.

The attitude of the rocket was determined by two suitably mounted
geomagnetic aspect sensors, one along the spin axis and another perpendi-
cular to it. The alignment of the detector and the geomagnetic aspect sen-
sors were made to an angular accuracy better than 0-1°. Both the Centaure
and Nike-Apache rockets reached an apogee of about 160 Km. Out.of
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the total flight time of about 420 seconds, useful X-ray data above 90 Km.
altitude were obtained for about 200 seconds.

ASPECT ANALYSIS

Assuming the rocket to behave like a rigid body, one can estimate the
half apex-angle of the precession cone a, using the well-known formula

Cos a = H* A
I2 — l l

where ws and cop are the angular velocities of spin and precession res-
pectively and Ix and I2 are the moments of inertia relative to the spin axis
and a direction perpendicular to it. The above serves as a crude estimate
of the precession cone angle.

After deriving the approximate spin and precession periods from the
horizontal and vertical magnetic sensors, a spin precession diagram is drawn
showing the time dependence of the phase of the magnetic field in each spin
during each precession. Adjustment of the spin period to achieve synchro-
nization of the phase of the magnetic record will yield the right spin and
precession periods which can be normally represented as a power series
in time t as

cos + cop = Wo + At + Bt* + • • •

where Wo, A and B are constants. In practice, only the first two terms
are of importance.

The peak-to-peak amplitude of the horizontal magnetic sensor (2M)
is equal to 2MBas# sin 0 where 0 is the angle between the spin axis and
the magnetic vector. The equation sin-1 0 = 2M/2Mnrt. is used to deter-
mine 0 at each maximum of the magnetometer, taking into account the
variation of MnaXe with altitude using the Finch and Leaton expansion of
the geomagnetic field. Knowing 0 for each spin, one can censtruct the
precession circle which is correct to probably within a few degrees. It must
be noted that 0 will vary between the two limits of a + 8 and a — 8 where
a is the halfccone precession angle and 8 is the inclination of the precession
axis to the vertical. The celestial co-ordinates calculated using the well-
known formulas of spherical astronomy at the time of two launches are given
in Table I.

A further refinement of the attitude was accomplished by using the
successive Sco-Xl sighting. From the spin phase diagram for the passage
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of X-ray source Sco-Xl, the average spin phase difference between Sco-Xl
and the magnetic direction which was about 118° and the variation of X-ray
intensity in each precession cycle has been employed to refine the precession
axis of the rocket to better than 1° using the method described by Wada
et al.9

TABLE I

Celestial Co-ordinates at the Time of Launching

Flight I Flight II
R.A. Declination R.A. Declination

Sun

Zenith

Magnetic field

.. 14h33'

. . 11" 18'

0h42'

- 1 5 °

8°
81°

r
33'
54'

14"

11"
0"

49'

16'

40'

- 1 6 °

8°
81°

14'

33'

54'

The spin stabilized Centaure rocket flown on November 3, 1968, with
a spin rate of about 8 RPS, had its axis centered at 10b 18' Right Ascension
and 15-0°N. declination on the celestial sphere. Consequently, theX-ray
detector was able to look at Sco-Xl and Cen-X2 sources during the entire
duration of the flight (about 200 seconds from 90 Km. altitude to the time
of entry into the atmosphere). The Nike-Apache rocket launched on
November 7, 1968, however, got into precession after the ejection of the
nosecone at 70 Km. and its spin rate which was initially about 9 RPS,
changed to about 2-8 RPS. after the nosecone ejection. The precession
axis of the rocket, as derived from the attitude sensor analysis described
above and Sco-Xl sighting, is 10* 8' R.A. and 36° N. declination with
the half-cone precession angle being 54°. In the 7 precessions containing
93 spins each, Sco-Xl, Tau-Xl and Cen-X2 sources were all scanned for
about 8-9 consecutive spins. Figure 3 shows the relevant trajectories of
the detector axis in the celestial sphere for both the flights.

The data from all the spins from the Centaure rocket launched on
November 3, 1968 have been summed up. Figure 4 shows the observed
X-ray counting rates in the energy range 2-6 Kev, as a function of the rocket
azimuth. For the flight of November 7, 1968 (Nike-Apache), the data for
all consecutive scans during which each source could be observed are summed
up and presented in Fig. 5. The relevant scan numbers are also indicated
in the figure. Tn both the figures, the position of Sco-Xl, Tau-Xl and



I U. R. RAO AND OTHERS262

Cen-X 2 sources are marked. The observed data in each scan (spin) was
fitted to a theoretical response function of the type A.g. (t — t0) where A
is the absolute strength of the source, tQ is time of maximum response and
g(0) = I. The response is obviously a triangular one with a base equal
to 17/360 x TS where rs is the spin period. A and t0 are chosen for least
square fitting, i.e., when

E = Z [X (t{) - A.g. fa - to)Y
t

is a minimum. Having obtained the source strength as observed in eacl
scan, the least square method is applied again for consecutive scans, in an
identical manner as explained above to obtain the absolute flux of the
source.

30°

-90*

FIQ. 3. Trajectories of sky scans for the two flights of November 3, 1968 (Number 1) and
November 7, 1968 (Numbers 2, 3 and 4). The Thumba horizon at the time of launching is also
indicated. SI, S2 indicate positions of sun on November 3 and November 7 respectively.

ABSOLUTE FLUX OF TAU-X1 SOURCE

Figure 6 shows the energy spectrum of Tau-Xl in the range 2-18 Kev.
The observations by Chodil et a/.10 and Boldt et al,n are also plotted in the
same figure. Our results show an excellent agreement with the obser-
vations made by other workers and are consistent with a power law
energy spectrum of the type

The flux in the energy range 2-5 Kev is found to be (1-6 ± 0-3) x 10~8

ergs/cm.2 sec.



Energy Spectrum & Absolute Flux of Various Celestial X-Ray Sources 263

The recent discovery of an X-ray pulsa by Fritz et al.12 in the general
direction of the crab nebula and its tentative identification with the optical

2500
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Fio. 4. Observed X-ray counting rales in the energy range 2-6 Kcv as a fun.-iion of rocket
azimuth for the flight of November 3, 1968.
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FIG. 5. Observed X-ray counting rates in the energy range 2-6 Kev as a function of rocket
tzimutb for tbe flight of November 7, 1968,
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pulsar NP 0532 has increased the importance of the study of this X-ray
source. The frequency of the X-ray pulsations in the crab nebula is in close
agreement with the frequency of radio and optical pulsations. However,
since only 5 per cent of the total X-ray power of the nebula appears in the
pulsed component, the absolute flux of X-ray from Tau-Xl is practically
constant which is also borne out from our observations which are in close
agreement with other observations made at different times.
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- Fia. 6. Bnergy spectrum of Tau-Xl X-ray soiree in the range 2-18 Kev.

ABSOLUTE FLUX AND TIME VARIATION OF Sco-Xl

Figure 7 shows the observed counting rate as a function of the rocket
azimuth for different energy windows of nominal value 2-A Kev 4-6 Kev
6-12 Kev and 12-18 Kev for both flights of November 3,'1968 and
November 7, 1968 respectively. The data have been fitted to an energy
spectrum of the type

/(E) = K

value of Eo for both the flights has been found to be 4-4+0-2 Kev
corresponding to a temperature of a hot thin plasma of 5-1 x W °K. The



Energy Spectrum & Absoluts Flux of Various Celestial X-Ray Sources 265

energy spectrum beyond 12 FCev, however, is consistent with only Eo «a 18
Kev in agreement with the observations of Busseli et al.lz The flattening
of the spectrum at higher energies has been explained in terms of the multi-
layer complex model for Sco-Xl proposed by Shklovsky,14 the higher ener-
gies being emitted from the higher temperature plasma in the core of the
object.
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Flo. 7. X-ray count rate of Sco-Xl source for different differential energy windows.

In Fig. 8 are plotted the observational data on the intensity of low
energy X-ray flux in different windows observed during the two flights. The
observations of Chodil et al.,u Hill et at.1* and Overbeck era/.17 are also
plotted in the same figure. Our observations arc in quite a good agree-
ment with the observations by other workers.

Investigation of the time variation of the absolute flux of Sco-Xl is of
great importance in understanding the nature of the source. The large
number of observations in the visible, in the near ultraviolet by Hiltner and
Mook and by Stepien,18 in the near infrared by Neugebauer et al,™ arid in
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the radio region by Andrew and Purton have all pointed out to the large
variability of Sco-XI. Simultaneous optical and X-ray measurements by
Chodil et af.u has shown that the brighter optical intensity is accompanied
by a lower temperature and a bluer emission spectrum. The measurements
seem to be consistent with the model of both the X-ray and optical conti-
nuum being produced by thermal bremsstrahlung from the same hot thin
plasma. Observations of X-ray flares from Sco-Xl at balloon altitudes by
Lewin et ah and Agarwal et aLi0 seem to add strength to the above hypo-
thesis, even though a large number of simultaneous optical and X-ray
observations of Sco-Xl are needed to make any positive conclusion regard-
ing the nature of the source.
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FIO. 8. Energy spectrum of Sco-Xl X-ray source in the energy window 2-18 Kev.

Taking reasonable numbers for the distance of Sco-Xl and the tot
energy flux as 1000 light-years and 6 X 103C ergs/sec, respectively, the radius
of Sco-Xl has been estimated to be between 3 x 1010 and 1013cm. In
order to keep the X-ray source going, the cooling time of the cloud, which is
variously estimated between 10 and 106 seconds, should be of the same order
as the heating time. This would indicate the possible existence of time varia-
tions in the X-ray flux from Sco-Xl, having a time scale of 10 to 106 seconds.
We do not observe any statistically significant variation between the abso-
lute flux of Sco-Xl measured on November 3, 1968 and November 7, 1968.
Addition over shorter periods of time have also been intercompared to ma

.

ike
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sure that statistically significant variations of Sco-Xl flux over periods of
about 4 minutes do not exist. We may, however, point out that Overbeck
et al. have reported significant time variations over time scales of about a
month for X-rays in the energy range 16-30 Kev at balloon altitudes. Even
though such large variations in the high energy flux can result from very
small changes in temperature, nevertheless, the evidence together with the
flare-like increases of X-ray flux strongly indicate the time variability of
Sco-Xl X-ray source.

In Fig. 9 is shown the measurements of absolute flux of X-rays from
Sco-Xl since 1965. Since many of the observations in the past did not
have their sensor and attitude well calibrated, only those measurements
from which reasonably accurate measurements can be derived are plotted
in the figure. Table II gives the flux at 4-0 Kev, 6-0 Kev and the energy
in the range 2-5 Kev as well as the temperature. It is evident from the
figure as well as the table that the absolute flux of Sco-Xl has undergone
significant time variations. The most conspicuous result from Fig. 9
is that the flux and the energy of Sco-Xl has steadily decreased over the
period 1965-1968. Sporadic short time variations are superimposed upon

. 9. Time variation of the Bux and energy spectrum of Sco-Xl X-ray source during
1964-1968.
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this general decrease in flux. The observations indicate that the general
pattern of the time variation of Sco-Xl is consistent with an exponential
decay of X-ray luminosity with a time constant of about 4-1 years which
would mean that the flux of Sco-Xl would decrease by two orders of
magnitude in a period of about 20 years.

TABLE II

Time variation of SCQ-X1

Experimenter

Fisher et a/.21

Chodilrftf/.82

Hayakawa*/ ai.2z ..

Grader et a/.84

Guiskyrffl/.25

ChodiU/<iA26

Gunkyrffl/.27

Matsuoka et al?* ..

Cooked a/.29

Chodil et al}h

Fntzetat.30

ChodUrffl/.16

Hill etai.1*

Rao et al. (present
experiment)

it

1

12

26

28

8

28

11

6

10

18

8

29

2

3

7

Flight
date

October 1964

June 1966

July 1965

October 1965

March 1966

July 1966

October 1966

February 1967

April 1967

May 1967

September 1967

September 1967

October 1967

November 1968

November 1968

Flux
of

4 Kev
photons/cm.2

sec. Kev

• •

11-26 ±0-6

10-3

8-8

10*5

7-1

7-6

5-2

4-0

6-3

5*4

4-9

5-2

• •

±0-4

±0-5

±0-5

±0-9

±0«8

• •

±0-4

±0-4

±0-8

±0«6

±0*3

±0-7

Flux
of

6 Kev
photons/cm.2

sec Kev

i

4*0

5-5±0-4

5*0dbl*0

3«8±0-3

3-7±0-4

3-l±0-4

3-0±0-6

3.2±0-8

• •

2-6±0-2

l*9±0>3

2-6±0-6

2*9±0-6

2-l±0-2

2-2±0-3

Energy
(2-6 Ksv

range)
X 10~7 ergs/

cm.2 sec.

• •

2-65±0-23

• •

2-28±0-22

1.93±0-2l

• •

1-49x0.17

1-64 ±0-20

1-30 ±0-10

l*08±0*l»

0*85±0-U

1*41 ±0*17

1.12±0«16

l*07±0«15

l-12±0-16

Temperature
Xl07OK

1-6

4*8

3-8

4-6

5*0

5-8

4-8

6-0

• •

8-1

10*4

4*6

10-4

5-1

5*1

Different theoretical models give different estimates ranging from
10-50 years for the lifetime of Sco-Xl. For example, if we consider
Manley's31 model of a protostar shedding its magnetic field, where the high
energy electrons are produced through the utilisation of magnetic energy,
which upon interaction with the same field, can produce X-rays an estimated
lifetime of about 30 years is obtained for an extar like Sco-Xl. Such an
estimate is obtained from considerations of energy for the magnetic field
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required to supply energy to electrons. The experimental observation of
about 20 years for the lifetime of Sco-Xl obtained from the long-term varia-
tion of the absolute X-ray flux of Sco-Xl is consistent with the theoretical
models.

ABSOLUTE FLUX AND TIME VARIATION OF CEN-X2

The rediscovery of low energy X-ray flux in the range 2-18 Kev from
Cen-X2 source is the most important result of these flights. The presence
of low energy flux from Cen-X2 is unambiguously proved in both the
flights as may be seen from Figs. 4 and 5. The level of detection of
Cen-X2 on November 3, 1968 flight is more than 10 standard deviation
level and on November 7, 1968 flight at about 6 standard deviation level.
The best estimate of the position of Cen-X2 as determined from our ex-
periment is 2 0 1 ± 2 ° R . A . and —62-5 ± 2° declination, which is consis-
tent with the position of Cen-X2 observed by Harries et al. and Chodil
etal.

In Fig. 10 is plotted the energy spectrum of the X-ray intensity from
Cen-X2 observed during both the flights. Even though the data from
both the flights can be adequately represented by an exponential spectrum
with a characteristic temperature of about 5-4 Kev (T = 6-3 x 107° K)?

a power law spectrum fits the data better. The X-ray flux on November 3,
1968 can be represented by the spectrum

and that on November 7, 1968 by the spectrum

We conclude that the energy spectrum of the X-ray flux measured on
November 3, 1968 and November 7, 1968 are same within the statistical
error. In the same figure, the observations of high energy flux observed
at balloon altitudes by Lewin et al*2 on October 15, 1967 are also plotted.
The low and high energy observations taken one year apart seem to fit a
single power law spectrum with an exponent of 1-2.

Figure 11 summarizes the remarkable time variation of the X-ray flux
from Cen-X2, the numerical data being given in Table III. It was not
detected in October 1965, was observed as a time-varying object in April-
May 1967 and again could not be detected in September 1967. The
decreases in the X-ray flux during the period April-May 1967 was found
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to be exponential, with a time constant of 23-4 days. This decrease was
also accompanied by a softening of the spectrum. Even though Cen-X2
was again sighted in the high energy range in October 1967, no low energy
flux from the same source was detected in June 1968, by Pounds et ah
They provide an upper limit of 0-15 photons/cm.2 sec. for the flux in the
energy range 2-5 Kev, which is more than an order of magnitude below
the low energy flux that has been detected in our experiments in November
1968. Our observations are the first evidence for the existence of the low
energy X-ray flux from Cen-X2 in the range 2-20 Kev since May 1967.

I f<?

. i ....i

FIG. 10. Energy spectrum of Gen-X2 X-ray source in the range 2-18 Kev.

The'remarkable time variability of Cen-X2 makes this extar a unique
object of interest. The spectacular outburst in April-May 1967 was fol-
lowed by the outbursts in October 1967 as observed by Lewin et a!., and
in November 1968 as observed in the two rocket flights conducted by us
from India. The totality of observations made so far clearly indicate that
Cen-X2 is a nova-like source giving rise to recurring X-ray outbursts, each
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TABLE III

Time variation of X-ray Intensity from Cen-X2

Experimenter

Grader et al}1

Hanies et al.a ., ,,

Cooke et al}*

Francey et a/.33

Chodil rt a/.81

Chodiltffl/.16

Lewin et al,n •.

Pounds et at.®

Rao et at, (present experiment)

tt • •

28

4

10

20

IS

28

15

12

3

7

Flight

October 1965

April 1987

April 1967

April 1967

May 1967

September 1997

October 1967

June 1868

November 1968

November 1968

Energy flux
in 2-5 Kev range
10"8 trgd/cm.3 sec

< 0-25

11*0 ±1-0

16*0 ±1*0

7*5 ±1-0

2*6 ±0*4

< 0-3

0'62 (extrapolated)

< 0*1

0-68±0-08

0-83±0-H

outburst lasting probably a short period of time. In order to explain this
behaviour, Manley proposed an expanding constant mass plasma model
for the source, according to which a dense plasma cloud of radius «^ 10w

cm. was heated at constant volume to nearly 2 x 107 °K which then pro-
ceeded to expand isothermally and cool off. The recurring short-lived
outbursts like the one observed by Lewin et ah and more recently our low
energy observations can be attributed to a shock wave from the nova

J J
i •

JUKC11

t . i . . . t .

FIG. II. Time variation of the X-ray flux from Ceo-X2 source.
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outburst expanding into the circumstellar medium. Such a shock could ac-
celerate and heat the gas to a high temperature as it propagates into a
medium of decreasing density.
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ABSTRACT

This paper reports the methods of obtaining the components of the
fourth rank axial piezo-rotatory tensor in different crystal classed. The
methods of recovering the two piezo-rotatory coefficients Rn and R12
of isotropic optically active glasses, the three coefficients Rn, Ri2 and R44
of cubic crystals belonging to the point group 432 and the four coeffici-
ents Ru , R12, R13 and R44 of crystals like NaC103 (point group 23) have
been described in detail. The non-centrosymmetric class 33 m. which is
not optically active has one non-vanishing piezo-rotatory coefficient,
showing that stress induces optical activity in it. A method of retrieving
this coefficient has also been described. In most of the other point
groups, the difficulty of measuring optical activity in directions other than
those of the optic axes severely limits the number of coefficients that can
be extracted. The paper also touches upon some interesting methods
of obtaining the components of the gyration tensor in non-enantio-
morphic optically active crystals.

1. INTRODUCTION

THE present authors have, of late, been investigating the eftect of stress
on the optical rotatory power of crystals (Ramaseshan and Ranganath, 1969).
Optical activity can be represented by the second rank symmetric axial gy-
ration tensor (g) while stress (X) and strain (x) by second rank symmetric
polar tensors. The eflFect of stress or strain on the optical rotatory power
would therefore be represented, in a first-order theory, by fourth rank axial
tensors; (R) being the stress-rotatory tensor and (S) the strain-rotatory
tensor. The number of independent non-vanishing coefficients a.nd the nature
of the piezo-rotatory matrix for the various point groups have also been
worked out by the present authors (Ranganath and Ramaseshan, 1969 a).

This paper mainly concerns itself with the methods of recovering the
piezo-rotatory coefficients for some of the point groups. The problem in
this case is different from that in other stress-optic phenomena where the

276
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directions of stress and light propagation may be chosen arbitrarily. In
the case of piezo-rotatory effects it is very difficult to measure the rotatory
power or its change along directions other than that of the optic axis. This
constraint limits the number of coefficients that may be recovered and also
demands special strategy for making the measurements.

2. THE GYRATION, PIEZO-ROTATORY AND PIEZO-OPTIC TENSORS

In a crystal if p is the optical rotatory power along any direction

9 = gijSiSj

i.e.,

P =

and when referred to the principal axes the optical rotation and the tensor
surface are given by

and

where there is no a priori restriction on the signs of gy. The matrices
representing the gyration tensor for the various non-centrosymmetric
point groups are given in Table I. It may be noted that of the 21 non-
centrosymmetric point groups only 15 are optically active (Tables I and II)
and 6 are optically inactive (Table III). Further just as a liquid may show
optical activity an isotropic solid may also exhibit optical activity. These
are usually glasses or stereo-specific plastics.

In the first-order phenomenological theory of piezo-rotation, changes
in gfr i.e., A gy are assumed to be linear functions of stress Xfci or strain

i.e.,

A gij = —

or

A gij =

When the non-vanishing coefficients are evaluated (Ramaseshan and
Ranganath, 1969) one finds that
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TABLE I

The form of the piezo-rotatory {R) and piezo-optic (q) matrices,
and the gyration matrix (g) in the enantiomorphic optically

active point groups. (R) and (q) have the same form

136)
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HEXAGONAL-622

• • • • • •

• • •

• • •

• * •
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• • . . — • * • «

• > •

• • •
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<*>

,1

1 B

•

•

>

01
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120)

• • • •

• • •

• » . • •
• • • • • •

• •

(3)

( I" ,

TR(GOMAL-32

x n :
•-<
* 1

> _$ ^ A *

' • • W
t • # 1

* • *
• • •

*

*

B

(2J

181

11) CU&C-4J2

H I

Siii
• • * • i

• *
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> • • • i

12)

KEY TO TABLES I, II AND HI
0—Zero component.
#—Non-zero component.
•—# Equal components of same sign
O—• Equal components of opposite sign

In (R) or (q) matrices In (S) or {p) matrices
0 —A component equal to + 2 times thai 0 —A component equal to that to which it

to which it Is joined is joined.
0 —A component equal to -2 times that 0 —A component equal to the minus of that

to which it is joined. to which it is joined,
H « (Ru - Ru) tg - 1/2(S,, - Sv)

or V2 (pn -
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(a) piezo-rotatory coefficients exist only for the 21 non-centrosymmetric
point groups;

(b) in the 11 enantioraorphic optically active point groups the piezo-
rotatory and piezo-optic matrices have the same form (Table I);

(c) in the 4 non-enantiomorphic optically active point groups the photo-
elastic and piezo-rotatory matrices are of different forms (Table II);

TABLE II

The piezo-optic (q), piezo-rotatory (R) and the gyration matrix (g)
of the non-enantiomorphic optically active point groups

I) MONKXNlC-m

• • • • •

• < • * •

• • • • * •

• • • * • US)

2) OF.THOHHOMBC-mir.2

11
• *
* *
* *
4 •

«

•

«

t

•

•

•

I

1

•

•

•

*

4

•

*

*

• *

* *

•

*

#

(D

(12)

(8!

S TETRAGCKAL-?

Xi::
• • • • • •

* ' * !^J '
• • • o» •
•-0 • • • •
tfS 4 . . I
fr-O •

:::x:
9 • *

(10)

110)

U;

xi:::
• • • a. • •
• • • • • •

OD A • • •

' * • liil

(7)

(d) in the remaining 6 non-enantiomorphic, optically inactive classes
the piezo-rotatory coefficients do not vanish, i.e., stress actually induces
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optical activity in these crystals. The piezo-rotatory and piezo-optic matri-
ces are given in Table HI.

TABLE III

The piezo-optic (q) and the piezo-rotatory (R) matrices of the
non-enantiomorphic non-optically active point groups (i.e., g% — 0)

0 TETRAGONAL -4mm 2) TRIGONAL-3m 3) HEXAGONAL-6mm

XI:::•-• • • • •••••••
• • • • V •

(61

(2)

4) HEXAGONAL-6 51 MfcXAGONAL-SmZ

X!:::
• • • • » *

(6)

(2)

61 CUBIC-

(31

( I )

It has been mentioned that optical activity may be most conveniently
measured along the optic axes. In the uniaxial crystals of trigonal, tetragonal
and haxagonal classes the optic axis coincides with the 3-fold, 4-fold and
6-fold axes respectively. In biaxial crystals the optic axial angle is given by

smav = Oi

where

* v* A
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"i9 n29 n3 being the principal refractive indices. The optic axes lie in the
plane containing n± and /73.

We shall now summarise the effect of stress on the optical ellipsoid
(Ramaseshan and Vedam, 19S8; Ramachandran and Ramaseshan, 1961).

When a crystal is uniaxially stressed along a 3-fold, 4-fold or 6-fold
axis of symmetry, the crystal becomes or remains uniaxial with the optic
axis along the stress direction. But if the same uniaxial stress acts along
a 2-fold, or a 1-fold axis, the crystal becomes biaxial even if it be a cubic
crystal. However, in the latter case the optic axial angle is dependent only
on the stress direction and is independent of the magnitude of the stress.
In the case of uniaxial and biaxial crystals it also depends on the magni-
tude of stress.

When a crystal is hydrostatically stressed the symmetry does not alter.
An isotropic crystal remains isotropic, a uniaxial crystal remains uniaxial.
In the case of biaxial crystals, however, although the symmetry remains
the same, there may be a change in the position of the optic axes as the
changes in the refractive indices for the 3 principal axes may be different.

3. ISOTROPIC SUBSTANCES

The photoelastic and the peizo-rotatory matrices (which have the same
form) are given in Table I (No. 12). There are only two independent peizo-
rotatory coefficients namely Rn and R12. For a unidirectional stress X,
the deformations of the index ellipsoid are given by

A 011 = — tfllX, A *22 = A 033 = — 012*, A 0tf = 0.
mi

The solid therefore becomes uniaxial with its optic axis coinciding with the
stress direction. Rotatory power along this direction could be measured if
suitable holes are provided in the stress apparatus for sending the light
along the direction of stress. The deformations in the gyration surface are
given by

Hence, if A P 1S the change in the optical rotation along the stress direction

A P = » - R U X or Ru = - 4 r - 0)
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For an hydrostatic stress X&

A flu = A 022 = A 033 = — (0n + 2gr12) Xh, A 0y = 0

and therefore the substance remains optically isotropic. The changes in
the gyration tensor may be described by

A gn = A g22 = A £33 = - (Rn + 2Ri2) Xfc, A gij = 0.

Therefore, if we measure the change A pk in rotatory power along any
direction

A f t = - (Rn + 2R12)Xh. (2)

From (1) and (2)

p A/>»

Thus all the components of the piezo-rotation tensor may be determined
by measuring changes in the rotatory power for a uniaxial stress along
the stress direction and for an hydrostatic stress in any direction.

4. OPTICALLY ACTIVE CUBIC CRYSTALS

(0) 432 Class:

This is the simplest of the cubic classes wherein all the piezo-rotatory
coefficients can be recovered. Unfortunately no crystal belonging to this
class has been reported in the literature. The piezo-rotatory and the
photoelastic tensors have the same form (Table I, No. 11). There are
3 independent piezo-rotatory coefficients Ru, Ri2 and R44.

Application of a stress X100 along the cube axis (100) deforms the index
ellipsoid and the gyration surface in the following manner:

A 0ii = — 0uX1Oo, A 022 = A 033 = — 912X100* A 0y = 0

and

= 0,
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The crystal becomes uniaxial with the optic axis along the stress direction
(100). If A Pioo is the change in rotation along the (100) direction, then

R
u

= Y—

For an hydrostatic stress X&, deformations in the index ellipsoid are given
by

A tfn = A «22 = A o33 = — (0ii + 2g12) Xh, A 0y = 0.

Hence, the crystal remains isotropic, but the radius of the gyration sphere
changes and it is given by

= Ag 2 2 = A£s3 = - (Ru + 2R12)Xh, A g y = 0.

If A ph is the change in the optical rotatory power in any direction undej
the hydrostatic stress

A P» = - (Ru + 2R12) Xh . (4)

From (3) and (4)

" T 5 T
Changes in the index and gyration tensors under a uniaxial stress X u l

along the cube diagonal (111) are given by

A 0n = A 022 = A 033 = — i (#ii + 2gr12) X1 U ,

A 012 = A 023 = A 031 = — ^f X m

and

= _ Ru + 2Rlj8 x

The first set of equations establish that the crystal becomes uniaxial with the
optic axis .along the cube diagonal (i.e., stress direction). If p°m and pm
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are the rotatory powers along this direction before and after stress, then
one can easily verify that

o _ gu + g22 + gss + 2g12 + 2g23 + 2g81pin 3

and

p°,- 4- p°— -4- £°«« -4- 2P°— -4- 2 °̂«« 4- 2P°—
nO 6 U T 5 22 i o 33 T ^6 12 T ^5 23 *^ **& 31

or

= A g u + Ag22

A - 11 "T ^M2 T
Pill 5

giving

ph 3 A

Thus all the 3 constants can be determined from 3 independent measure-
ments.

(b) 23 Class:

The important optically active crystals NaClO3 and NaBrO3 belong
to this class. Photoelastic and piezo-rotatory tensors have the same form
as given in Table I (No. 10). There are 4 constants Ru , R12, Ri8 and
R44 to be determined.

(i) If A ph is the change in the optical rotatory power under an hydro-
static stress Xfc, then

A ph = - (Rn + RM + Ris) Xji. (5)

(ii) If Apin is the change in the optical rotatory power along the cube
diagonal for a stress Xm acting along it, then

A „ ~ Ru + R12 + Ris + 2R44 YA Pin — 3 A m -
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(iii) For a stress Xloo along the cube axis (100) the deformations in the
index and the gyration surfaces are given by

A #u == #nXioo> A #22 = — #13X1009 A #33 == —

A #« = 0

and

A S11 = — RnXioo* A £22 == Ri3Xioo> A £33 ===

The first set of equations shows that the crystal becomes biaxal. Generally,
9ii < #13 < #12 anc* hence the plane containing the two optic axes is the
ZX plane. The angle V that one of the optic axes makes with the stress
direction, i.e., X-axis is given by

= #22 ~ ' #11 = #13 ~~ #11

#33 — #11 #12 — #11

Tf A Pi is the change in rotation along this optic axis, then
A Pi = - (Rn cos*V + R12 sin*V) X100 (7)

determination of A Pi should not be difficult because the optic axial
angle and the optical axial plane can be completely worked out from
a knowledge of photoelastic constants. The optic axial angle is
independent of the stress magnitude. Hence, the crystal can be so cut that
the optic axes in the stressed crystal are in proper positions to make the
measurements.

(iv) When the crystal is subjected to a uniaxial stress X u o acting along
the (110) direction, the index and the gyration surfaces deform according
to the following set of equations:

A #83 = A #31 = 0
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and

110
9

A g23 = A g3l = 0.

The first set of equations shows that (1) the index ellipsoid undergoes a rota-
tion about the XY plane; (2) the crystal becomes biaxial with YZ as the
optic axial plane. If one of the optic axes of the stressed crystal makes
an angle V with the Z-axis, then

sinay = fo
* 33

where

A = (qX2 + qvd - lqu + gl3

and the angular displacement 9 from the stress direction is given by

tan 20 =

From a knowledge of V and 0 one can work out direction cosines /, m9 n
of the optic axis with reference to the unstressed state. Then the change
A P2 in that direction for a stress Xu0 is given by

A 92 = - [(Ru + Ri2) /
2 + (Ru + R13) m* + (R12 + R13) «2

+ R 4 4 / m ] ^ . (8)

From the 4 equations (S), (6), (7) and (8) all the piezo-rotatory constants
can be worked out. R44 is the easiest of all the coefficients to find.

44
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5. STRESS-INDUCED OPTICAL ACTVITY IN CUBIC CRYSTALS

(a) 43m Class:

In this interesting point group, to which ZnS belongs, stress actually
should induce optical activity. The photoelastic and the piezo-rotatory
tensors are of different forms (Table III, No. 6). From the nature of the
two matrices it can be easily concluded that although a uniaxial stress along
the 4-fold or 3-fold axis makes the crystal uniaxial with the optic axis
along the stress direction, yet the rotation along the optic axis is zero. Even
for stress along the 2-fold axis the rotation along the optic axes is zero. For
hydrostatic stress also induced optical activity is zero. Hence, to detect
this induced rotation and to extract the piezo-rotatory coefficient R12. one
should stress the crystal in a general direction (/, m, ri) which is only a
1-fold symmetry axis. Let X be the uniaxial stress acting along (/, m, ri).
The deformations in the index and gyration surfaces are given by

A «u = - [0ii'2 + q12 (m
2 + «2)] X

A a22 = - [qnm* + q12 (P + «2)] X

A a33 = - fen*2 + <7i2 (/2 + m2)] X

A 023 = — 044 "MX

A 031 = "" 044 fa X

A #12 = — 044 fat X

and

Afti = - R12 irrfl - /i2) X

/2) = 0

Ag33 = - Rl2 (/2 - W2) X.

Hence, in general the crystal becomes biaxial. Index and the gyration sur-
faces in the stressed crystal are

_ flu*2 + *2SLV2 + R33Z2 + 2a12xy + 2 a^yz + 2 aB1zx =

and
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If X, Y, Z be the principal axes of the index ellipsoid, then the index
ellipsoid and the Gyration surface are given by

+ A22Y
2 + A33Z

2 = 1

+ G22Y
2 + G33Z2 + 2 G12XY + 2 G^YZ

+ 2G 3 1 ZX=1

Aij's and Gy's can be obtained from a knowledge of the refractive index
of the unstressed crystal and its photoelastic constants. In the most general
case All9 A22 and A33 will be different.

If An < A22 < A33, then the biaxial plane is XZ and if V is the angle
that one of the optic axes makes with X-axis. Then rotation along that
axis is

p = Gu cos2V + 2 G18 cos V sin V + G83 sinaV

along the other optic axis also we get the same rotation. If this rotation
is measured, we can easily find the only existing piezo-rotatory coefficient Rx

p = - R12 (cos2V +/13' cos V sin V +f3sin*V) X

i.e.,

R r _
*1 2 ~~ / 1 cos a V+ /18 cosV sin V + / 8 sinaV

where

I V0u — q

- qu) L(/a - /»«) (wa - »8)
_ („* _
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and

A33 An

6. ENANTIOMORPHIC OPTICALLY ACTIVE UNIAXIAL CRYSTALS

, The photoelastic and the piezo-rotatory matrices are of the same form
in all these crystals and they are shown in Table I (Nos. 4, 5, 6, 7, 8 and 9).
The crystal remains uniaxial under an hydrostatic stress X^ as well as a stress
Xo along the optic axis. In both the cases the optic axis in the stressed
crystal is in the same direction as that of the unstressed crystal. If A p*
and A p0

 a r e ^e changes in the optical rotatory power along the optic
axis for these two stresses, then

and

ZJV31 -f- K.33 — —

i.e.,

\ Po A Ph.

Hence, the two constants R3i and R33 can be easily found out. Determi-
nation of other constants involve many experimental complications. The
actual values of these constants for a-quartz have been computed by the
authors (Ranganath and Ramaseshan 1969 6).

7. NON-ENANTIOMORPHIC OPTICALLY ACTIVE UNIAXIAL CRYSTALS

Crystals belong to 4 and 42m point groups come under this heading.
In these the photoelastic and the piezo-rotatory tensors are of different forms
as Table II shows. It is clear from the nature of the gyration tensor (Table II,
Nos*. 3 and 4) that the unstressed crystal has no optical rotation along the
optic axis. Again no rotation can be induced by an hydrostatic stress or
a ufliaxial stress along the optic axis. If we subject the crystal to a stress
X acting perpendicular to optic axis, then the changes in the index and
gyration tensors are given by

A flu = — 0uX, A 022 = — 012X, A 033 = — 031X, A au = 0
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and

A fti = — RuX, A £22 = - R12X, A £33 = -R31X, A gii = 0.

Hence, the crystal becomes biaxial. Normally qzi > qlt > q129 and hence
the optic axial plane is YZ plane. The angle V that one of the optic axes
makes with Z axis is given by

sin2 V =
#22 — #33 #33 — #22

- (fai -

For most of the crystals this tilt will be very small for normal stresses. In
ADP this is 1° per K bar. The optical rotation along the optic axis is
given by

P = £33 cos2V + g22 sin2V

= - (R31 cos*V - R12 sin2V) X

As V is very small,

P & — R31X

R31 « -jr •

Hence, one of the constants can be evaluated.

8. NON-ENANTIOMORPHIC OPTICALLY INACTIVE UNIAXIAL CRYSTALS

Crystals belonging to this class are not optically active in the unstressed
state, but they become optically active under stress. The photoelastic and
the piezo-rotatory matrices have different forms and they are shown in
Table III (Nos. 1, 2, 3, 4 and 5). In none of the classes a stress along the
optic axis induces any rotation along the stress direction. Stresses acting
perpendicular to the optic axis even though they induce rotation, their maxi-
mum effect is felt along directions along which birefringence is also present.
Thus experimentally it is difficult to extract any of the piezo-rotation
coefficients.

A3
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9. OPTICAL ACTIVITY IN NON-ENANTIOMORPHIC CRYSTALS

As has been mentioned earlier it is difficult to make measurements
of the optical activity in directions other than that of the optic axis. The
only crystal in which accurate measurements of the optical activity have been
made perpendicular to the optic axis is a-quartz (Bruhat and Grivet,
1935; Munster and Szivessy, 1935). A method of measuring optical
activity perpendicular to the optic axis in the case of the uniaxial crystal
benzil was suggested (see Ramachandran and Ramaseshan, 1961, p. 166)
some years ago. In this positive uniaxial crystal the birefringence pro-
gressively decreases as one goes from red to blue so that at A = 4900 A
the crystal shows no birefringence. It was suggested that the rotation
could be measured at this wavelength in any direction with ease. It is
interesting that this method of measuring the rotation when a birefringent
crystal becomes isotropic has been used with success by Hobden (1969) in
AgGeS2. By this experiment the long-standing problem of the measurement
of optical activity in non-enantiomorphic crystals which do not exhibit
optical activity along the optic axis has been solved.

At these wavelengths crystals like AgGeS2 and benzil become isotropic
and so it must also be possible to obtain the different piezo-rotatory
coefficients.

The method of obtaining the piezo-rotatory coefficient given in Section 5
for the point group 43m suggests a method by which optical activity could be
measured in different directions in these non-enantiomorphic classes. In
theory by stressing the crystal in a particular direction it is possible to
get the optic axis in a direction that is different from that in the unstressed
crystal. It would then be possible to measure the optical activity along
the new optic axis. Again, in theory, it should be possible, by choosing diffe"
rent directions and magnitudes of stress, to map out the gyration surface.
Here one assumes that the change in the optical activity due to stress is so
small that the measured value may be taken to correspond to the optical
activity of the unstressed crystal in that direction.

Unfortunately, these speculations prove to be of no use in the cases of
ADP and KDP which belong to the non-enantiomorphic group 42m. The
maximum tilt of the optic axis that one could obtain experimentally is
much lower than a degree. However, in the case of less birefringent
crystals this possibility must be kept in mind.
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ABSTRACT

Methylation and benzylation of 5 (or 6)-chloro benzimidazoles have
been carried out under uniform conditions and the structures of the pro-
ducts obtained have been established by comparison with authentic
samples prepared by unambiguous methods. The results are explained
on the basis of inductive (—1) and resonance (+M) effects of chlorogroup
and the tautomer stabilisation.

INTRODUCTION

THE methylation of tautomeric halo benzimidazoles under different condi-
tions, was first studied by Fischer and co-workers,1* 2 later by Phillips3 and
more recently by Ridd and co-workers.4 Their results are summarised in
Table I.

Phillips concluded that the formation of 1,6-isomer (III) is favoured
when methyl sulphate is the methylating agent. In the presence of alkali,
however, the proportion of 1, 6-isomer was observed to be reduced. Results
obtained by the repetition of Phillips experiments by Smith and Ridd4

suggested that the almost exclusive formation of 1, 6-isomer must be in-
CDrrcct. Quite recently, Aliprandi et al* obtained exclusively 1, 5-isomer (II)
by the alkylation of 5 (or 6)-chlorobenzimidazole (I; X = Cl; R = H) with
potassium alkyl sulphates under alkaline conditions. Rao and Ratnam6

reported the formation of 1,5-isomer (II; X = Cl, R = C6H5 and
R' = CeH5CH2) by refluxing 5 (or 6)-chloro-2-phenyl benzimidazole
(I; X = Cl; R = QH5) with 2 moles of benzyl chloride in the presence
of fused sodium acetate and a speck of iodine.
292
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TABLE I

Results of N-substitution in 5 (or 6)-Halo benzimidazoles (T)

St.
No.

1

2

3

4

5

6

7

8

9

10

11

X

Cl

Cl

Cl

Cl

Br

Br

Br

Bi

Br

Br

Br

C!

R

H

H

H

CH,

H

CH,

CH,

CH,

CH,

CH,

CH,

C.H.

Reagent

CK,I in CH(OH

KOSO.CH, + OH-

(C,HB), SO4 + OH-

CH,I

CHaI

CHSI

(CHO. SO4

(CH,), S0« + OH-

(CH0iSO4

(CH,), S04 + OH-

CH.I in CH.OH

C,HBCH tCl t

CHsCOONa + la

Product

Ratio of 1, 5 to 1, 6-isomer

Metbiodide of 1, 6-Uomer

1, 5 Lsomer only

h

Methiodide of 1, 5-isomer

i i

i i

1:60

1 t2

1 :1

6 : 6

1, 6-isomer only

1, 6-isomer only

Reference

1

:

:

2

3

•
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The results obtained by earlier workers are so varying that no positive
conclusions regarding the influence of substituents can be drawn. Hence
it was considered desirable, in continuation of our studies of methylation
and benzylation of 5 (or 6)-methyl benzimidazoles,7 to carry out a syste-
matic study of methylation and benzylation of 5 (or 6)-chloro benzimida-
zoles (I; X = Cl, R = H, CH3 and C6H6).

5 (or 6)-Chloro- and 5 (or 6)-chloro-2-methyl banzimidazoles have
been prepared from 4-chloro-o-phenylenediamine by Phillips method.8

5 (or 6)-Chloro-2-phenyl benzimidazole was obtainad by heating 4-chloro-o-
phenylenediamine with benzoic acid under pressure.9 To characterise the
products of methylation and benzylation of these tautomeric benzimidazoles,
the required N-substituted-5-chloro and 6-chloro benzimidazoles (II and III)
have been obtained by unambiguous methods. Methylation and benzy-
lation has been carried out as described earlier.7 The mixtures obtained
on benzylation of 5 (or 6)-chloro and 5 (or 6)-chloro-2-methyl benzimida-
zoles could not completely be separated into the components. However,
they could be separated as methiodides by fractional precipitation. The
results of methylation and benzylation are summarised in Table II.

TABLE II

Results of methylation and benzylation of 5 (or 6) Chloro Benzimidazoles (I)

SI.
No.

1

2

3

4

5

6

X

Cl

Cl

Cl

Cl

Cl

Cl

R

H

CH8

CflH6

H

CH3

C6H,

Conditions

CHaI in acetone, potassium carbo-
nate, 40 hours

do.

do.

CeHsCHzCl, CHaCOONa, Ia, IS
hrs., 170-180°C.

do.

do. 0 hr., 160-180°

Relative percentage yields of

1,5'isomer 1, 6-isomer Quaternary
salt

100

100

50 . . 60

34 66

63 97

100

In general, on methylation and benzylation of tautomeric halo benzi-
midazoles, the formation of 1,5-isomer seems to be favoured.

It is well known that halogen atoms can exert inductive (—1) and
mesomeric (+M) effects that oppose each other. By a study of pKa values
it has been shown1*-12 that all halo benzimidazoles are less basic than
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benzimidazole regardless of position of substituent. The halogen atom must,
therefore, exhibit a predominantly base-weakening effect (—1). The order
of basicity for the halo benzimidazoles has been shown to be F>I>Cl>Br .
Thus chlorine and bromine show a smaller mesomeric effect (,+M)
and their inductive effect (—1) is more noticeable. While pKa values show
that halogen atoms exert predominantly an inductive effect, the ultraviolet
data11 support the existence of resonance e ects similar to those observed
for the halogenated benzenes.

In 5 (or 6)-chloro benzimidazoles (I; X = Cl; R = alkyl and aryl)
if the electron attracting character of the chloro group predominates the
tautomer (I b) is stabilised which reacts with the alkylating agent by SE 2'-
mechanism, resulting in the formation of 1, 5-isomer (II). But due to electro-
meric effects tautomer (la) is likely to be stabilised leading to the
formation of 1,6-isomer (III). Normally, one would expect mixtures of
1,5- and 1,6-isomers to be obtained in the chloro compounds unless one
of the effects is predominant. Since 1, 5-isomer is obtained exclusively on
methylation, the inductive effect seems to be dominating. On benzylation
of 5 (or 6)-chloro and 5 (or 6)-chloro-2-methyl benzimidazoles, mixtures
of 1, 5- and 1, 6-isomers have been obtainad in 1 :2 and 2 :1 proportions
respectively. These results indicate that both inductive and electromeric
effects are operating. In the case of 5 (or 6)-chloro-2-phenyl benzimidazole,
1,5-isomer alone has been obtained as reported by Rao and Ratnam.8

EXPERIMENTAL

1, 2-Dimethyl-5-chloro benzimidazole

N^MethyM-chloro-o-phenylenediamine13 (l-2g.) was condensed with
acetic acid by refluxing in 4 N hydrochloric acid (25 ml.) for two hours.
The reaction mixture was diluted, filtered free from solid impurities and
basified with dilute ammonia when an almost colourless solid (1 g.) melting
at 69-70° was obtained. This was dried at 110° for one hour and crystal-
lised from benzene-petroleum ether to get pure l,2-dimethyl-5-chloro benzi-
midazole as colourless rectangular plates, m.p. 132-33° C. (Found: C:
59-5; H :5-2; N : 15-6; C9H9C1N2 requires C :59-8; H : 5-0; N: 15-5%).

\-Methyl~2-phenyl-5-chloro benzimidazole

A mixture of N^methyl-^chloro-tf-phenylenediamine ( l -5g . )and
benzaldehyde (1 g.) in alcohol (15 ml.) and nitrobenzene (10 ml.) was heated
pn a steam bath for two hours. After evaporation of the alcohol, the
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reaction mixture was steam distilled to remove nitrobenzene and aldehyde.
The dark brown residue (1 g.) was dried and recrystallised from alcohol
and then repeatedly from benzene-petroleum ether to give pure 1-methyl-
2-phenyl-5-chloro benzimidazole, m.p. 139-40°C. colourless] plates (Found:
C:69-6; H : 4 - 9 ; N : l l - 2 ; C14HUC1N2 requires .C :69-3; H : 4 - 5 ;

\-Methyl-2-phenyl-6-chIoro benzimidazole

Condensation of N2-methyl-4-chloro-0-phenylenediamine18 ( l-5g.) with
benzaldehyde (0*9 g.) in alcoholic nitrobenzene and working out the reaction
mixture gave a brown solid (1 • 1 g.). On recrystallisation from benzene-
petroleum ether pure l-methyl-2-phenyl-6-chloro benzimidazole was ob-
tained as bushy needles, m.p. 124° (Found : C : 69-4; H :4-8; N : 11-6;
C14HUC1N2 requires C :69-3; H :4-5; N : 11-5%).

The following methiodides were obtained by leaving over-night the
appropriate 1-benzyl benzimidazole with methyliodide in benzene solution.
The solid separated was filtered, washed with dry ether.

(a) l-Benzyl-5-chloro benzimidazole methiodide; m.p. 215° (Found : C :
46-4; H : 3-9; N : 7-0; C15H14C1IN2requires C : 46-8; H : 3-6; N : 7-3%).

(b) l-Benzyl-2-methyl-5-chloro benzimidazole methiodide, m.p. 225Q

(Found :C :48-6; H : 3 - 9 ; N: 7-2; C16H16C1 IN2 requires C:48-2;
H * 4-o* N •

(c) l-Benzyl-6-chloro benzimidazole methiodide; m.p. 182-83° (Found:
C:46-3; H:3-3; N: 7-5; C16H14C1IN2 requires C: 46-8; H:3-6;
N:7-3%).

(d) l-Benzyl-2-methyl-6-chloro benzimidazole methiodide; m.p. 219-
220° (Found: C:47-9; H:4-2; N:7-4 ; CleHlaClIN2 requires
C:48-2; H:4-0; N:

Methylation of 5 {or 6)-chloro benzimidazole

A solution of 5 (or 6)-chloro benzimidazole1 (0-92 g.) and methyl-
iodide. (0-9 g.) in dry acetone (50 ml.) was gently refluxed over anhydrous
potassium carbonate for forty hours. Acetone was evaporated, the residue
was treated with cold water (100 ml.) and extracted with chloroform. The
chloroform extracts were evaporated when a low melting solid (0*8 g.) was
obtained. This was dissolved in dry acetone saturated with hydrogen
phloride gas. The precipitated hydrochloride was filtered, washed
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benzene and recrystallised from ethanol-ether mixture giving colourless
needles, m.p. 238° C. This was found to be identical in all respects with
an authentic sample of l-methyl-5-chloro benzimidazole hydrochloride13

(m.p. 240-41°) and their mixed melting point was found to be undepressed.

Methylation of 2-methyl-5 {or 6)~chloro benzimidazole.

Methylation of 2-methyl-5 (or 6)-chloro benzimidazole2 (0-68g.) gave
a low melting solid. This was dissolved in dry chloroform and saturated
with hydrogen chloride gas and the precipitated hydrochloride (m.p. 273°)
was filtered and decomposed by the addition of ammonia when a compound
(0-55 g.), m.p. 65° was obtained. This was dried at 110° for one hour
and recrystallised from benzene-petroleum ether giving colourless rectangular
rods, m.p. 132°. By comparison with synthesised l,2-dimethyl-5-chloro
and 6-chloro13 benzimidazoles this compound was found to be identical
with the former. Its mixed melting point with 1, 2-dimethyl-5-chloro benzi-
midazole was undepressed (131°) whereas that with 1, 2-dimethyl-6-chloro
benzimidazole was depressed (90-102°).

Methylation of 5 (or 6)-chloro-2-phenyl benzimidazole

Methylation of 2-phenyl-5 (or 6)-chloro benzimidazole9 (0-8 g.) with
methyl iodide (0-7 g.) gave a solid (0-8 g.). This was triturated with dry
banzene (100 ml.) and the insoluble compound (0-4 g.) was filtered. It
recrystallised from benzene-alcohol mixture as colourless needles, m.p.
236-38° and analysed for 1, 3-dimethyl-2-phenyl-5-chloro benzimidazolium
iodide (Found: C :46-5; H :3-9; N : 7 0 ; C16H14C1IN2 requires C: 46-8;
H :3-7; N :7-3%). The residue (0-4g.) obtained on evaporation of the
benzene solution, crystallised from benzene petroleum ether mixture as
colourless plates, m.p. 140°. This was found to be identical with a syn-
thetic sample of l-methyl-2-phenyl-5-chloro benzimidazole in crystalline
shape and their mixed melting point was undepressed. However, it differed
from l-methyl-2-phenyl-6-chloro benzimidazole in crystalline shape and
their mixed melting point was depressed (88-102°).

Benzylation of 5 (or 6)-chloro benzimidazole

5 (or 6)-Chloro benzimidazole (l-5g.) , freshly distilled benzyl chloride
(1 -2 g.) fused sodium acetate and a speck of iodine were thoroughly mixed
and heated for fifteen hours on an oil-bath maintained at 170-80°. The
reaction mixture while still hot was poured into crushed ice with vigorous
Stirring. The solid obtained was filtered and washed repeatedly with CQ14
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petroleum ether. On crystallisation from dilute alcohol a colourless solid
(l-7g.) melting at 80-100° was obtained. Its mixed melting point with
authentic samples of l-benzyl-5-chloro14 and l-benzyl-6-chloro13 benzi-
midazoles was undepressed. This could not be separated into the com-
ponents directly. 0-5 g. of the benzylation product was converted into
methiodide (m.p. 160-170°) by leaving overnight its benzene solution with
methyl iodide. The mixture of methiodides thus obtained was dissolved
in chloroform and fractional precipitation by the addition of small quanti-
ties of petroleum ether (60-80°) gave compound A (0-23 g.) m.p. 214° in the
first fractions, whereas last fractions gave compound B (0-45 g.) m.p. 180°.
The compounds (A) and (B) were found to be methiodides of l-benzyl-5-
chloro and l-benzyl-6-chloro benzimidazole respectively by comparison with
authentic samples.

Benzylation of 2-methyl-5 {or 6)-chloro benzimidazole

Benzylation of 2-methyl-5 (or 6)-chloro benzimidazole (l-2g.) by
general method gave a colourless compound (1-3 g.), m.p. 85-102°, indicating
it to be a mixture. This could be resolved into its components by convert-
ing 0-5 g. of the material into methiodides (m.p. 200-10°) and by fractional
precipitation from the acetone solution by the addition of small quantities
of petroleum ether. Compound A (0-42 g.) m.p. 224° obtained in the
first fractions and compound B (0-25 g.), m.p. 220° from the last fractions
were found to be identical in all respects with authentic samples of 1-benzyl-
2-methyl-5-chloro and 6-chloro benzimidazole methiodides respectively.

Benzylation of 2-phenyl-5 (or G)-chloro benzimidazole

Benzylation of 2-phenyl-5 (or 6)-chloro benzimidazole (l-0g.) at
160-80° for nine hours by the general method, gave a resinous solid which
on treatment with a little alcohol gave a granular solid (0-88 g). This was
recrystallised from alcohol yielding prismatic rods, m.p. 170°, found to be
identical with synthesised l-benzyl-2-phenyl-5-chloro benzimidazole16 in
crystalline shape and melting point. Their mixed melting point was found
to be undepressed; whereas its mixed melting point with l-benzyl-2-phenyl-
6-chloro -benzimidazole16 was depressed (45-50°).
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ABSTRACT

Raman and infrared spectra of N-methyl-propionamide and N-deute-
rated N-methyl-propionamide were recorded in various states of aggre-
gation—pure amide, in solution and vapour state—and the frequency
changes of the functional groups were studied. The inplane skeletal
vibrations of N-methyl-propionamide and its deuterated compound
were calculated treating these molecules as six-body problems. The distri-
bution of potential energy of each normal mode among various symmetry
co-ordinates was calculated and the nature of the amide I, II and III
bands and the mixing up of the inplane vibrational frequencies of
N-methyl-propionamide and the deuterated amide are discussed on a
quantitative basis.

INTRODUCTION

THE infrared spectroscopic studies of amides received considerable attention
in recent times, since the spectroscopic study of -CONH- group plays an
important role in the elucidation of the structure of peptide linkages and
investigations of proteins. Miyazawa et al.,1* 2 DeGraafand Sutherland,8

Suzuki,4"6 Beer etal.1 and Venkata Ramiah et al.s studied the infrared
spectra of a number of primary, secondary and tertiary amides and o
their deuterated species and carried out the normal co-ordinate treatment
of some of these molecules. However, a full analysis of the normal vibra-
tions of N-methyl-propionamide molecule has never been attempted. The
authors* have recorded the infrared and Raman spectra of N-methyl
propionamide and its N-deuerated amide in various states of aggregation
and subjected them to normal co-ordinate treatment with a view to clarify
the nature of the inplane normal vibrations of these molecules.
300
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EXPERIMENTAL

The infrared spectra of N-methyl-propionamide, and of the amide in
vapour state were recorded in the region 3500 cmr1 to 250 cmr1 withPerkin-
Elmer Model-521 grating spectrophotometer. The spectrum of the liquid
amide was recorded by using a microfilm of unknown thickness between
two plates of cesium bromide. The spectrum of the amide in the vapour
state was recorded by introducing a few drops of the amide in evacuated
10 cm. cells with NaCl and CsBr windows and maintaining their tempera-
tures from 40° C. to 80° C. Lower temperatures were used for recording
strong absorption bands and higher temperatures were maintained for weak
bands. The spectra of the amide and its deuterated amide were recorded
in the region of 3500 cmr1 to 1300 cmr1 with Perkin-Elmer Model-221 in-
infrared spectrophotometer and in the region of 1300 cmr1 to 400 cmr1

by Perkin-Elmer Model-337 grating spectrophotometer. The Raman spec-
trum of N-methyl-propionamide was recorded with Hilger-Raman source
unit and Fuess glass spectrograph and A 4358 A was used as exciting
radiation.

Replacement of the H-atom of the N-H group by Deuterium was
accomplished by adding threefold excess of D2O to the amide, pumping off
the heavy water and repeating the process three times. About 80% of the
amide could be converted into the deuterated amide.

RESULTS AND DISCUSSION

The Raman and infrared frequencies of N-methyl-propionamide, and
in the vapour state are given in Table I and the frequencies of the func-
tional groups of the amide and the N-deuterated amide are given in
Table II.

The corresponding infrared and Raman spectra are shown in
Figs. 1, 2, 3 and 4.

In Figs. 2 and 3, the absorption bands arising out of the stretch,
ing and bending modes of vibrations of N-H and N-D groups are indicated
by arrows.

The results in Table II indicate that the frequencies of i/(N-H) and
amide I band of N-methyl-propionamide in vapour state are much higher
and those of amide II, amide III and 8 (N-H) JL bands are much lower than
the frequencies of the corresponding bands in the pure amide: The N-D
stretching frequencies appear in the region of 2475 cmr1 and 2417 cmr1 and

A5
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TABLE I

Raman and infrared frequencies of N-Methyl-propionamide

(Frequencies in cm."*1)

3337 (2)

...

.,.

2940(4)

2860(4)

• •

1662 (7)

1458 (3)

1406(1)
1356 (6)

1266(2)
1234 (4)
1146(6)

• •

1000(5)

864(9)

• •

590(4)

423 (6)

283 (1)

Infrared

Pure amide

3300

3150 (m)
3095(m)

2970 (m)
2935 (ms)
2875(m)

2800(w)

1640 (vs)
1550 (s)

1460(m)

1410 (m)
1372(m)

1273(m)
1238(m)

1160 (ms)

..
1040 (ms)

970 (w)

865 (m)

800 (m)

695 (s, br)

575 (s)

430 (m)

315 (m)

Vapour

3430

3135 (w)

2980 (ms)
2940 (ms)

2875 (m)

2800 (vw)

1715 (vs)
1495 (s)

1418 (w)
1385 (ms)

1258 (m) )
1210 (ms) J
1140 (ms)

1080 (ms)

1030 (sh)

970 (w)
860 (m)

800 (m)

680 (s, br)

575 (m)
430 (m)

315 (m)

v(N-H)free
v ( N - H ) bonded

2 x 1550

vo(CH,)N
vm (CH,) C

v.(CH,)N

p. (CH,) C

v (C=O) amide I
5 (N - H) Amide-II
S«.(CH,)N
£.(CH,)C
«. (CH,) N, C

v (C-N) Amide III

<•> (CH,) N
y(CH,)N

y(CH^C

v(N-CH,)

v (C - CH^

v (C - CH,)
S(N-H)X
8 (O=C - N)

y (C - CH^

a(C-N-CHJ
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TABLE II

Infrared frequencies of the functional groups

(Frequencies in cm."1)

N-methyl- propionamide N-de (iterated N- methyl- piopionamide

Mode of
vibration Amide In solution of

CC1* Vapour Mode of
vibration Amide In solution of

ecu

y (N-H)

Amide

II

III

& (N-H) J_

3300

1640

ISM

1272!
1238/

695

3430

3300

1650

1045

1270 I
12361

690

3430

• •

1715

1495

1268)
1210/

680

v (N-D)

Amide I

II

III

8 (N-D) J i

S475

2417

1627

1475

1100

000

2476

2417

1627

1475

1100

500

with increasing dilution of the deuterated amide in CC14> the band at
2475 cmr1 becomes more prominent. The amide II, III and 8 (N-H)J_ bands
at 1550 cmr1, 1273 cmr1 and 1238 cm."1 and 695 cm.'1 in the pure amide
appear at 1475 cm.-1, 1100 cmr1 and 500 cm.'1 in the deuterated amide,
as indicated by arrows in Figs. 2 and 3. The functional groups res-
ponsible for H-bond in amides are the NH and CO groups and the higher
frequencies of tf(N-H) and amide I bands or the lower frequencies of the
amide II, amide III and S (N-H)X bands of the amide in the vapour state
compared to those of the corresponding bands of the pure amide are due
to the breaking up of the intermolecular associations resulting in free
N-H and C = Q linkages. Beer et al? assigned the two bands at 1273 cmr1

WAVELENGTH (MICRONS)
4 5 6 7 fl 9 (0 12 13 20 40

4000 J5OO 5000 2500 2000
FREQUENCY (CM"1)

1500 1000 500 250

FIG. 1. Infrared spectra of N-methyl-propionamidc (liquid). A, Film of smaller thickness
(full line); B, film of higher thickness (full line); C, in vapour state (dotted line).
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and 1238 cm."1 together as the amide III band. The frequency of the band
at 1238 cm.-1 in pure amide shifts by 18 cm."1 towards lower frequency in
the spectrum of the amide in vapour state; and the shift in case of the
other band at 1273 cm."1 is 15 cm.-1. la the deuterated amide these two
peaks almost disappear and a new band appears at 1100 cm."1.

WAVELENGTH (MICRONS*

100

S 60

S50C 3000 250O

FREQUENCY (Cnf1)

2000 I5OO

Fio. 2. Infrared spectra of N-raethyl-propionamide (full lioe)and N-detiteratad N-metbyl-
propionamide (dotted line).

0*1

0-2

0 3

1 0

9''0

(300 1200 1100

MICRONS

15*0 ZOfl 23-.O

1000 900 800 TOO

FREQUENCY (Cm1)

600 500 40G

FIG. 3. Infrared spectra of N-methyl-propionamtde (full line) and N-dcuterate N-methyl
propionamidc (dotted line).
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NORMAL CO-ORDINATE TREATMENT

The structures of N-methyl-propi on amide and N-deuteratad N-methyl-
propionamide are given in Fig. 5.

C— a H

A \
5 H

V. /
C ——N

CM,

C2H5

* «

Bo. 5. A, N-methyl-propionamide; B, N-deuterated N-methyl-propionamide.

These molecules are treated as six-body problems taking CH3 and C3H5

groups as point masses. They are planar with the point group Cs and the
twelve fundamental frequencies are classified into nine inplane (A') and
three out-of-plane (A") vibrations. The orthononmalised set of symmetry
co-ordinates for the inplane vibrations of the molecule are given in Table III.

TABLE III

The symmetry co-ordinates

Symmetry co-ordinates Vibrational mode Abbreviation

S«~ Ac
S,= Ad

7 » —7= (Abe — Aca)

Sg = 4 i (2 Aad - Ade - Aw)

C - N stretching

C=O stretching

C - C2H6 stretching

N-CH 8 stretching

N -H stretching

O=C - N bending

C-C2H5 bending

N - CH8 bending

N — H bending

v (C=O)

v (C - C9H6)

v(N-CHa)

v (N - H)

8 (O = C - N)

8 (C - C2HB)

S(N-CH8)

S(N-H)
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The elements of the F-matrix obtained by using the coefficients of the
general quadratic potential energy function and the expression

*
F = ufn

are

F u = / a

F12 = / « b

F13 = / a
c

F14 = / a d

F 1 5 = / a e

F — _L_ (If ob _ fbc _ f ca\is ~ T~7g \*Ja Ja Ja )

F17 = ^ ifa
hc ~faca)

d -fa
ed -faae)

Fgs = / b

F2» = / b
c

F»4 = / b d

F25 =

F26 = ^g (2/bob - / b b e - / b c a )

F27 = ^ (Ab c ~/bCfl)
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F,4 =/c*

F,, =/e*

1 t f be _
2 " c

F« =

_ 1 /• f be _ /•co\
V 2 ^ '
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i (4/ab - 4/ a b
b c _

- 2/flb
ed -

-2 /ca a d +/c« c d +/c« o e )

+fbe
ae

F 7 7 = i ( / b c - 2 / b c c a + / c a )

F 7 8 =
78

Fw = i ( - / b c e d +/bco e +/c« e d - / c« a e )

F^ = £ (4/ad - 4 / ^ - 4/ad«e +/,,« + / a e

F89 = +/ d c - / o e )

The elements of the G-matrix were derived from the Decius tables.9

They are :

Gil =

= /*c c o s

G14 = /*N cos

G15 = HN cos

G,,=•17
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sin ad

1 /sin ad . ~ sinae

= Me

V~~3

G25 =

G26 =

G2 7 = —

-v/3
2

1
V2

sin6c
——

sin ab
a

1 sin ab
a

G3 3 = /*c

sinafc
——

G35 = 0

V3 /sin

G07 =37 (
singe

Gon =
1 sin

G44 = MCH, +

G45 = ftn COS i

sinfcc , sin
a J
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V3 sin ad

G47 =
1 sin gd

a

GIB =

sin ad

sin arf , _ sin de

-v/3 sin oc

G K , = -
6,

G« =

1 sin

inde

G«« = I
sin

G«« = «
66 «*

^ V 3 / /*c +

<- - 3 /

cosac cos

cos ad
aT

c°s
cos cos ai/

s )

cos Ac ^ cos ac cos ab
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a b i 1 . C O S O C

„

cos ab * cos ac o cosae

cos ad\
+ **»~aT )

a2

cos

G96 = 2 V ~a s

cosrfe

The N-H and N-D stretching frequencies, although are in the region
3300-2400 cmr1, are taken into consideration, in these calculations.

The structure parameters used are r (C-N) =1-29 A,. r (C=O) =
1-23 A. r (C-C2H6) =1-55 A, r (N-CH8) - 147 A and , (N-H) = 1 A.
All the bond angles are assumed to be 120 .

The calculations of normal vibrations of N-methyl-propionamide and
N-deuteratad N-methyl-propionamide were made by the method of Wilson
At Z first instance, the force constants of acetamhde- were transferred
and slight alterations were made in some of the constants to obtain a close
fit between the observed and calculated frequencies. The secular determi-
nant which has the dimensionality of 9 X 9 was expanded by the Modified
S e l e w s k y ' s method using Model II, IBM 1620 Digital Computer and
Se r o S o f tto polynomial were extracted using IBM 1620 general
programme.
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The final set of force constants are given in Table IV.

TABLE IV

Force constants of N-methyl-propionamide

f. = 7-0
/ , - 9-2
/ . = 4-6
U - 3-5
/ . = 60

/*=l-2

/ * = 0-75
/M = 0-30
/r t = l-8
/ .»=!•!
/.'-1-2
/.• - 0-4
/.»•= 0-9
/.-= 0-6

The same force constants were transferred to N-deuterated N-methyl-
propionamide and the frequencies were calculated. The calculated fre-
quencies were found to be in good agreement with the observed one.

The elements of the L-matrices have been evaluated by the usual method

and normalised to LL = G. Using the expression FyLisLjs/Aa x 1009

the potential energy distribution of each normal mode among the various
symmetry co-ordinates is calculated. These results, together with the
observed and calculated frequencies are given in Table V.

DISCUSSION OF THE NATURE OF THE OBSERVED BANDS

The amide III band is a doublet with two frequencies at 1273 cm."1 and
1238 cmr1 and the average of these two frequencies, i.e., 1256 cmr1 is taken
as the frequency of amide III band for the following discussion.

The amide I, II and III bands in N-methyl-propionamide are thus at
1640 cmr1, 1550 cmr1 and 1256 cm."1, respectively, and the corresponding
absorption frequencies in N-deuterated-N-methyl-propionamide are at
1627 cmr1, 1475 cm."1 and 1100 cm."1. The amide I band is essentially
due to Ci=O stretching vibration although C-N stretch contributes con-
siderably. The percentage contribution of C = O stretching vibration to
the absorption at 1627 cm."1 in deuterated N-methyl-propionamide is higher
than that of the corresponding mode to the amide I band at 1640 cmr1 in
N-methyl-propionamide, but the contribution of C-N stretch to this
frequency is relatively low,
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TABLE V

Observed and calculated frequencies and potential energy distribution

Frequency

Observed

1256
1640

865
970
3300

575

430

315
1550

•

1100

1627

850

953

2417
590

425

• •

1475

Calculated

1275
1636

869

980
3301

589

405

307

1565

1060

1619

811

956

2433

586

403

302

1486 .

Si

25
32

5

12
2

0

14

0

8

2

24

7

12

1

0

16

0

37

s2

(a) C

0
47
2

19
0

0

0

0

37

(b) Cg

0

61
4

17

0

0

3

2

16

s,

12
0

31

0
0

46

10

0
11

H6.C0

17

0

27

0

0

46

5

0

7

P.E.D.

s«

).NH.

1
1

46

27
1

7

13

0

5

.ND.C

3

0

31

36

0

9

12

0

8

s.

CHZ
1
0

0

0
99

0

0
0

0

0
1

0

2

97

0

0

0

0

s.

16
0

5

9
0

23

5

38
13

11

0

2

6

0

25

3

32

15

S7

1
7
2

2
0

16

34

33

2

2

8

0

0

2

15

34

35

0

s,

6
4
3

20

0

4

23

28

2

11

5

2

25

1

6

23

28

1

s,

42
8

5

0

0

1

0
0

45

52

0

28

2

0

2

0

2

16

To the amide II band at 1550 cmr1, 8(N-H), v(C=O) and v(C-N)
vibrations make contribution. But to the absorption at 1475 cm."1 which
is the corresponding absorption in N-deuterated N-methyl-propionamide,
the contribution of S(N~D) and v(C=O) vibrations becomes less and of
C-N stretch increases substantially. In the deuterated amide, the band
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at 1475 cmr1 is essentially due to C-N stretching vibration. To the amide III
band at 1256 cm.-1 in N-methyl-propionamide, the contributions of C-N
stretching and N-H deformation vibrations are considerable. But the
corresponding absorption at 1100 cm."1 in the deuterated amide is essen-
tially due to 8 (N-D) vibration and the contribution of C-N stretch to
this frequency is negligible. These results may explain for relatively smaller
differences in the frequencies of the amide I, II bands and larger difference
in the frequency of the amide III band in N-methyl-propionamide and deute-
rated N-methyl-propionamide.

The frequencies at 865 cm."1 and 970 cm."1 are essentially due to
v (C-C2H5) and v (N-CH3) vibrations respectively. To the v (C-CH3)
vibration, however, the contribution of v (N-CH3) is considerable and C-N
and C = O stretches together contribute substantially to v(N-CH3) vibration.

The frequencies at 3300 cm."1 and 2417 cmr1 in N-methyl-propion-
amide and the deuterated amide are due to N-H and N-D stretching vibrations
and the other modes of vibrations do not contribute to these absorptions.
The band in the region of 575 cm."1 is assigned to S ( O = C - N ) vibration
and v(C-C2H5) vibration contributes to this mode. The frequencies at
430 cmr1 and 315 cm."1 are assigned to y(C-C2H5) and 8 (C-N-CH3)
vibrations respectively and the potential energy distribution results indicate
considerable interaction between these two modes.
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